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Abstract
Families of deterministic finite automata (FDFA) represent regular ω-languages through their
ultimately periodic words (UP-words). An FDFA accepts pairs of words, where the first component
corresponds to a prefix of the UP-word, and the second component represents a period of that
UP-word. An FDFA is termed saturated if, for each UP-word, either all or none of the pairs
representing that UP-word are accepted. We demonstrate that determining whether a given FDFA is
saturated can be accomplished in polynomial time, thus improving the known PSPACE upper bound
by an exponential. We illustrate the application of this result by presenting the first polynomial
learning algorithms for representations of the class of all regular ω-languages. Furthermore, we
establish that deciding a weaker property, referred to as almost saturation, is PSPACE-complete.
Since FDFAs do not necessarily define regular ω-languages when they are not saturated, we also
address the regularity problem and show that it is PSPACE-complete. Finally, we explore a variant of
FDFAs called families of deterministic weak automata (FDWA), where the semantics for the periodic
part of the UP-word considers ω-words instead of finite words. We demonstrate that saturation for
FDWAs is also decidable in polynomial time, that FDWAs always define regular ω-languages, and
we compare the succinctness of these different models.
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1 Introduction

Regular ω-languages (languages of infinite words) are a useful tool for developing decision
procedures in logic that have applications in model checking and synthesis [6, 34]. There
are many different formalisms for representing regular ω-languages, like regular expressions,
automata, semigroups, and logic [33, 31]. In this paper, we study families of automata that
represent regular ω-languages in terms of the ultimately periodic words that they contain.
This is based on the fact that a regular ω-language is uniquely determined by the ultimately
periodic words that it contains, which follows from results by Büchi [11] on the closure of
regular ω-languages under Boolean operations (see also [13, Fact 1])). Ultimately periodic
words are of the form uvω for finite words u, v (where v is non-empty). For a regular
ω-language L, [13] considers the language L$ of all finite words of the form u$v with uvω ∈ L.
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151:2 Saturation Problems for Families of Automata

They show that L$ is regular, and from a DFA for L$ one can construct in polynomial time
a nondeterministic Büchi automaton for L. A similar approach was used independently by
Klarlund in [22] who introduces the concept of families of deterministic finite automata
(FDFA) for representing ω-languages, based on the notion of family of right congruences
(FORC) introduced by Maler and Staiger [29]. Instead of using a single DFA, an FDFA
consists of one so-called leading transition system, and so-called progress DFAs, one for
each state of the leading transition system. A pair (u, v) of finite words (with v non-empty)
is accepted if v is accepted by the progress DFA of the state reached by u in the leading
transition system. As opposed to the L$ representation from [13], the FDFA model of [22, 29]
only considers pairs (u, v) such that v loops on the state of the leading transition system
that is reached by u, referred to as normalized pairs. So an FDFA for L is an FDFA that
accepts all normalized pairs (u, v) with uvω ∈ L.

Because there exist many learning algorithms for DFAs, these kinds of representations
based on DFAs have received attention in the area of learning regular ω-languages [17, 3, 24,
9, 10, 26]. One problem is that methods for DFA learning might come up with automata that
treat different pairs that define the same ultimately periodic word differently. So it might
happen that a pair (u1, v1) is accepted while (u2, v2) is rejected, although u1vω

1 = u2vω
2 . In

this case it is not clear anymore which ω-language is accepted. One can use the existential
(nondeterministic) semantics and say that uvω is accepted if some pair representing uvω is
accepted. But this does not necessarily define a regular ω-language (see [24, Example 2]).
An FDFA is called saturated if it treats all normalized pairs representing the same ultimately
periodic word in the same way (accepts all or rejects all). Additionally, we call an FDFA fully
saturated if it treats all pairs representing the same ultimately periodic words in the same
way (not only the normalized ones). The u$v representation corresponds to fully saturated
FDFAs because a DFA for the language L$ can easily be turned into a fully saturated FDFA
for L by taking the part before $ as leading transition system, and the part after the $ for
defining the progress DFAs.

It has been shown in [2] that saturated FDFAs possess many good properties as formalism
for defining ω-languages.1 However, up to now the best known upper bound on the complexity
for deciding if a given FDFA is (fully) saturated is PSPACE [2]. In this paper, we settle
several questions concerning the complexity of saturation problems. As our first contribution
we provide polynomial time algorithms for deciding saturation and full saturation of FDFAs,
solving a question that was first posed more than three decades ago in [13] (see related
work for existing work on the saturation problem). We also consider the property of almost
saturation, which is weaker than saturation and thus allows for smaller FDFAs (Lemma 17),
while ensuring that almost saturated FDFAs define regular ω-languages [25]. We show that
this comes at a price, because deciding almost saturation is PSPACE-complete. Furthermore,
we show that it is PSPACE-complete to decide whether a given FDFA defines a regular
ω-language, solving a question that was raised in [12].

An overview of the models that appear in our paper and of our results is given in
Figure 1. The different classes of FDFAs are shown on the left-hand side. The entries
PTIME/PSPACE-c. indicate the complexity of deciding whether a given FDFA belongs to
the respective class. As an application of the polynomial saturation algorithms, we provide
the first polynomial learning algorithms for classes representing all regular ω-languages: a
polynomial time active learner for fully saturated FDFAs, and a passive learner for syntactic

1 The semantics of FDFAs in [2] and [22] are defined differently, however, saturated FDFAs define the
same ω-languages in both models. We follow the definitions from [2].
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fully saturated FDFA

syntactic FDFA
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active learner

passive learner
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and polynomial data
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FDWA
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Thm 6

Thm 7

Lem 9

[25]

Lem 19
[3, Thm 2]

Lem 19
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Lem 17
Lem 17
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c.
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c.

c.

Lem 18

PTIME (Thm 1)

PTIME (Thm 1)

PTIME (Thm 1)

PSPACE-c. (Thm 8)

PTIME (Thm 5)

Figure 1 Overview of the properties and models considered in this paper. Solid arrows indicate
translations that are possible without blowup, while dashed ones are used for translations with an
exponential lower bound. Dotted arrows are constructions yielding automata, and ones labeled with
“c.” are complementation constructions. Solid lines are used to indicate a connection to learning.
We provide more details on this diagram in the introduction.

FDFAs that is polynomial in time and data (see related work for existing work on learning
ω-languages). The syntactic FDFA for L is the saturated FDFA with the least possible
leading transition system (called LL in [22]). The size of the models that our algorithms can
learn is, in general, incomparable to the size of deterministic parity automata (DPAs) ([2,
Theorem 5.12] shows an exponential lower bound from saturated FDFAs to DPAs and the
language family used for that is accepted also by small fully saturated FDFAs; an exponential
lower bound from DPAs to syntactic FDFAs follows from the language family Ln used in
Lemma 19, which is easily seen to be accepted by small DPAs).

For completing the picture of the FDFA landscape, we also give examples showing that
complementing almost saturated FDFAs can cause an exponential blow-up (while it is trivial
for saturated or fully saturated FDFAs), and for exponential size gaps between the different
models. Exponential lower bounds are indicated by the dashed arrows in Figure 1, where
the loops labeled “c.” represent the complement. The solid arrows mean that there is a
transformation that does not cause any blow-up.

Finally, we also consider the model of families of deterministic weak automata (FDWA),
which is shown with two entries on the right-hand side of Figure 1. This is an automaton
model for families of weak priority mappings (FWPM), which have been introduced in [10].
Syntactically, an FDWA is an FDFA in which the progress DFAs have the property that each
strongly connected component (SCC) of states is either completely accepting or completely
rejecting. This corresponds to the restriction made for deterministic weak (Büchi) automata
(DWA); See, e.g., [27]. And indeed, the progress automata are not interpreted as DFAs
accepting finite words, but as deterministic weak automata accepting periodic words: a
pair (u, v) is accepted if vω is accepted by the progress DWA of the state reached by u in
the leading transition system, which means that vω ends up cycling in an accepting SCC.

ICALP 2025



151:4 Saturation Problems for Families of Automata

As for FDFAs, the property of saturation for FDWAs requires that either all normalized
representations of an ultimately periodic word are accepted or none. (In order to not consider
too many models, we restricted ourselves to existing ones and did not additionally introduce
fully saturated and syntactic FDWAs.) We show that saturation can also be decided in
polynomial time for FDWAs, which is easier to see than for FDFAs.

Concerning succinctness of FDWAs compared to FDFAs, it follows from results in [10]
that saturated FDFAs can be transformed into saturated FDWAs by only adapting the
acceptance mechanism and keeping the transition structure. We show that a translation in
the other direction can cause an exponential blow-up, even when going to the more relaxed
model of almost saturated FDFAs. Vice versa, we show that translating almost saturated
FDFAs to saturated FDWAs also might cause an exponential blow-up.

In summary, our contributions are polynomial saturation algorithms for FDFAs and
FDWAs, PSPACE-completeness results for deciding almost saturation and regularity of
FDFAs, and some exponential lower bounds for transformations between different models.
Organization. The paper is structured as follows. We continue the introduction with a
discussion of related work. In Section 2 we introduce the main definitions. In Section 3 we
present the polynomial time saturation algorithms (Section 3.1), the learning algorithms
(Section 3.2), and the PSPACE-completeness of almost saturation (Section 3.3). The regularity
problem is shown to be PSPACE-complete in Section 4, and the exponential lower bounds for
transformations between the models are presented in Section 5. We conclude in Section 6.
Related work on the saturation and regularity problems. The problem of saturation
was first raised in the conclusion of [13] for the L$ representation of ultimately periodic
words: “How can we decide efficiently that a rational language K ⊆ A∗$A+ is saturated
by UP≡ ?” Here, two words u$v and u′$v′ are in relation UP≡ if uvω = u′(v′)ω. A variation of
the problem appears in [12] in terms of so called period languages: For an ω-language L,
a finite word v is called a period of L if there is an ultimately periodic word of the form
uvω in L, and per(L) denotes the set of all these periods of L. So per(L) is obtained from
L$ by removing the prefixes up to (and including) the $. It is shown that a language K of
finite words is a period language iff K is closed under the operations of power, root, and
conjugation, where pow(K) = {vk | v ∈ K, k ≥ 1}, root(K) = {v | ∃k > 0 : vk ∈ L}, and
conj(K) = {v2v1 | v1v2 ∈ K}. Our notion of power-stable corresponds to closure under root
and pow, and our notion of loopshift-stable corresponds to closure under conjugation. Given
any K ⊆ Σ∗, the least period language containing K is per(L) = root(pow(conj(K))). Then
[12] poses three decision problems for a given regular language K ⊆ Σ∗: (1) Is K a period
language? (2) Is per(K) regular? (3) Is pow(K) regular?

Problem (1) is a variation of the saturation problem for FDFAs that focuses solely on
periods, independent of their prefixes. It is observed in [12] that Problem (1) is decidable
without considering the complexity. Similarly, Problem (2) is a variation of the regularity
problem that we study for FDFAs, again considering only periods independent of their prefixes.
It is left open in [12] whether Problem (2) is decidable, but a reduction to Problem (3) is
given. Notably, this reduction is exponential since it constructs a DFA for root(conj(K)).
Later, Problem (3) was shown to be decidable in [18] without an analysis of the complexity.
Our results in Section 4 give a direct proof that Problem (2) is PSPACE-complete.

The paper [7] defines cyclic languages as those that are closed under the operations of
power, root, and conjugation, and gives a characterization of regular cyclic languages in
terms of so called strongly cyclic languages. So the cyclic languages are precisely the period
languages of [12]. Decidability questions are not studied in [7].

In [16], lasso automata are considered, which are automata accepting pairs of finite words.



L. Bohn, Y. Li, C. Löding, S. Schewe 151:5

The representation basically corresponds to the u$v representation of [13] but without an
explicit $ symbol, using different transition relations instead. It is easy to see that lasso
automata and automata for the u$v representation are equivalent up to minor rewriting of
the automata. The property of full saturation corresponds to the notion of bisimulation
invariance in [16]: two lassos (u, v) and (u′, v′) are called bisimilar if uvω = u′(v′)ω, and a
lasso automaton is bisimulation invariant if it accepts all pairs from a bisimulation class or
none. Bisimulation invariance is characterized in [16] by the properties circular (power-stable
in our terminology) and coherent (loopshift-stable in our terminology), [15, Theorem 2], [16,
Section 3.3]. An Ω-automaton is defined as a circular and coherent lasso automaton, which
corresponds to the property of full saturation for FDFAs. This property of a lasso automaton
is shown to be decidable in [16, Theorem 18] without considering the complexity (since
the decision procedure builds the monoid from a DFA, it is at least exponential). Another
decision procedure is given in [14, Proposition 12] with a doubly exponential upper bound.

Finally, the saturation problem for FDFAs is explicitly considered in [2, Theorem 4.7],
where it is shown to be in PSPACE by giving an upper bound (exponential in the size of the
FDFA) on the size of shortest pairs violating saturation if the given FDFA is not saturated.

Related work concerning learning algorithms. There are some active and some passive
learning algorithms for different representations of regular ω-languages, but all of them are
either for subclasses of the regular ω-languages, or they are not polynomial time (for active
learners) or not polynomial in the required data (for passive learners), where the complexity
for learning a class C of representations is measured in a smallest representation of the target
language from C. The only known polynomial time active learner for regular ω-languages
in the minimally adequate teacher model of [1] is for deterministic weak Büchi automata
[28]. There are active learners for nondeterministic Büchi automata (NBA) [17, 24] and for
deterministic Büchi and co-Büchi automata [26], but these are heuristics for the construction
of NBA that are not polynomial in the target representations. The algorithm from [17] uses
an active learner for DFAs for learning the u$v representation of [13] for regular ω-languages.
Whenever the DFA learner asks an equivalence query, the DFA is turned into an NBA, and
from a counter-example for the NBA a counter example for the DFA is derived. Our active
learner uses the same principle but turns the DFA for the u$v representation into an FDFA
and checks whether it is fully saturated.

There is a polynomial time active learner for deterministic parity automata [30], but
this algorithm uses in addition to membership and equivalence queries so-called loop-index
queries that provide some information on the target automaton, not just the target language.
So this algorithm does not fit into the minimally adquate teacher model from [1]. The paper
[3] presents a learning algorithm for FDFAs. But it turns out that this is not a learning
algorithm for regular ω-languages: The authors make the assumption that the FDFAs used
in equivalence queries define regular ω-languages (beginning of Section 4 in [3]) while they
only provide such a semantics for saturated FDFAs. So their algorithm requires an oracle
that returns concrete representations of ultimately periodic words as counter-examples for
arbitrary FDFAs, which is not an oracle for regular ω-languages. Our algorithms solve this
problem by first using the polynomial time saturation check, making sure that we only submit
saturated FDFAs to the equivalence oracle.

Concerning passive learners, the only polynomial time algorithms that can learn regular
ω-languages in the limit from polynomial data are for subclasses that make restrictions
on the canonical Myhill/Nerode right-congruence of the potential target languages. The
algorithm from [4] can only learn languages for which the minimal automaton has only one
state per Myhill/Nerode equivalence class (referred to as IRC languages for “informative right

ICALP 2025



151:6 Saturation Problems for Families of Automata

congruence”). The algorithm from [8] can also learn languages beyond that class but there is
no characterization of the class of languages that can be inferred beyond the IRC languages.
The algorithm in [9] infers deterministic Büchi automata (DBA) in polynomial time but
the upper bound on the size of characteristic samples for a DBA-recognizable language L is
exponential in a smallest DBA for L, in general. The algorithm in [10] generalizes this to
deterministic parity automata (DPA) and can infer a DPA for each regular ω-language, but
a polynomial bound for the size of characteristic samples is only given for languages accepted
by a DPA that has at most k states per Myhill/Nerode class for a fixed k.
Related work concerning the model of FDWA. The paper [19] considers a model of
FDFA with so-called duo-normalized acceptance and mentions connections to the model
FWPM from [10] in a few places, without going into details of the connection. Using results
from [10], it is not very hard to show that the models can be considered the same in the sense
that they can be easily converted into each other without changing the transition structure.
We give a proof of this in the full version of the paper.

2 Preliminaries

An alphabet is a finite, non-empty set Σ of symbols. We write Σ∗ and Σω to denote the set
of finite and the set of infinite words over Σ, respectively. For a word w, we use |w| to refer
to its length, which is the number of symbols if w is finite, and ∞ otherwise. The empty
word, ε, is the unique word of length 0 and we use Σ+ for the set of finite, non-empty words,
i.e. Σ+ = Σ∗ \ {ε}. We assume a linear order on the alphabet and consider the standard
length-lexicographic ordering on finite words, which first orders words by length, and by
lexicographic order among words of same length. An ω-word w ∈ Σω is called ultimately
periodic if it can be written as uxω with u ∈ Σ∗ and x ∈ Σ+. We write UP(Σ) for the set
of all ultimately periodic words over the alphabet Σ. For a word x ∈ Σ∗, we write

√
x to

denote its root, which is the unique minimal word u such that xω = uω.2 For set P ⊆ Σ+,
we write ω-Pow(P ) to denote the set {xω | x ∈ P}

A transition system (TS) is a tuple T = (Σ, Q, δ, ι), consisting of an input alphabet Σ, a
non-empty set of states Q, a transition function δ : Q×Σ → Q, and an initial state ι ∈ Q. We
define δ∗ : Q × Σ∗ → Q as the natural extension of δ to finite words, and overload notation
treating T as the function mapping a finite word u to δ∗(ι, u). We write Q(T ) for the set of
states of a TS-like object T , and assume that Q(T ) is prefix-closed subset of Σ∗ containing for
each state the length-lexicographically minimal word that reaches it. The size of T , denoted
|T |, is the number of states. A set S ⊆ Q of states is a strongly connected component (SCC)
if S is non-empty, and ⊆-maximal with respect to the property that for every pair of states
p, q ∈ S there is a non-empty word x ∈ Σ+ such that δ∗(p, x) = q. An equivalence relation
∼ ⊆ Σ∗ × Σ∗ is called right congruence if it preserves right concatenation, meaning x ∼ y

implies xz ∼ yz for all x, y, z ∈ Σ∗. A TS T can be viewed as a right congruence ∼T where
x ∼T y if T (x) = T (y), and a right congruence ∼ can be viewed as a TS using the classes of
∼ as states and adding for each class u and symbol a ∈ Σ the transition [u]∼

a−→ [ua]∼.
A deterministic finite automaton (DFA) D = (Σ, Q, δ, ι, F ) is a TS with a set F ⊆ Q

of final states. By replacing δ with a transition relation ∆ ⊆ Q × Σ × Q, we obtain a

2 Usually,
√

x is defined to be the minimal u with ui = x for some i > 0. A simple application of
the Theorem of Fine and Wilf shows that the two definitions coincide: If ui = x and vω = xω, then
v|x| = ui|v| =: y. Since y has periods |u| and |v|, by the theorem of Fine and Wilf, it also has period
gcd(|u|, |v|).
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nondeterministic finite automaton (NFA), so every DFA is also an NFA. The language
accepted by an NFA N , denoted L∗(N ), consists of all words that can reach a state in F .

A deterministic Büchi automaton (DBA) B is syntactically the same as a DFA. It accepts
an ω-word w ∈ Σω if the run of B on w visits a final state from F infinitely often, and
we write Lω(B) for the language accepted by B. If all states within a strongly connected
component are either accepting, or all of them are rejecting, we call B weak. If we replace
the transition function of a DBA with a transition relation ∆ ⊆ Q × Σ × Q, we obtain a
nondeterministic Büchi automaton (NBA), which accepts a word w if some run on w visits
F infinitely often. The language of an NBA is the set of all words it accepts, and say that
L ⊆ Σω is a regular ω-language if it is the language of some NBA. It already follows from
the results of Büchi [11] that if two ω-languages agree on the ultimately periodic words, then
they must be equal. We call a set L ⊆ UP(Σ) of ultimately periodic words UP-regular if
there exists some regular ω-language L′ such that L′ ∩ UP(Σ) = L.

A family of DFAs (FDFA) is a pair F = (T , D) where T is a transition system called
the leading TS, and D is an indexed family of automata, so for each state q ∈ Q(T ), Dq is a
DFA. We overload notation writing Du for the DFA DT (u) and call Du a progress DFA. We
always assume that if x and y lead to the same state in some Du, then also ux and uy lead to
the same state in T . This can always be achieved with a blow-up that is at most quadratic
by taking the product of the progress DFA with the leading TS, and it makes arguments in
some proofs (e.g. Lemma 4) simpler. An FDFA F accepts a pair (u, x) ∈ Σ∗ × Σ+ if the DFA
Du accepts x, and we write Lrep(F) to denote the set of all representations accepted by F . A
representation (u, x) is called normalized (with regard to F) if ux and u lead to the same
state in T , and write Lnorm(F) for the set of normalized pairs accepted by F . A family of
deterministic weak automata (FDWA) W = (T , B) is syntactically the same as an FDFA but
it views the progress DFAs as DBAs, and additionally requires each DBA Bu to be weak. W
accepts a pair (u, x) if xω is accepted by Bu viewed as a DBA. We write Lrep(W) for the set
of all representations accepted by W and denote by Lnorm(W) the restriction to normalized
representations.

As FDFAs and FDWAs are syntactically the same, we say family F = (T , D) to refer to
either an FDFA or an FDWA. We call Du a progress automaton, and write just D to denote
Dε in the case that T is trivial. The size of F is the pair (n, k) where n is the size of T
and k is the maximum size of any Du. We call a family F saturated if for all normalized
(u, x), (v, y) with uxω = vyω holds that (u, x) is accepted by F iff (v, y) is accepted by F . We
say that F is fully saturated if this equivalence holds for all pairs, not only normalized ones.
For every saturated FDFA F , there exists a unique regular ω-language L which contains
precisely those ultimately periodic words that have a normalized representation which is
accepted by F [2, Theorem 5.7]. In this case we say that L is the language accepted by F
and denote it by Lω(F).

The left quotient of the word u with regard to a regular language L of finite or infinite
words, denoted u−1L, is the set of all w such that uw ∈ L. Using it, we define the prefix
congruence ∼L of L, as u ∼L v if u−1L = v−1L. We call L prefix-independent if ∼L has only
one class. The syntactic FDFA FL = (T∼L

, DL) of a regular ω-language L is always saturated,
and it is the minimal one (with respect to the size of its progress DFAs) among all FDFAs that
use T∼L

as leading TS. In general, one may obtain a saturated FDFA with strictly smaller
progress DFAs by using a larger leading TS that refines ∼L [22, Proposition 2]. This does
not hold in fully saturated FDFAs, because in those the minimal progress DFAs for all states
reached on ∼L-equivalent words coincide. Intuitively, saturation can be viewed as a form of
semantic determinism, which guarantees the existence of unique, minimal progress DFAs (for

ICALP 2025



151:8 Saturation Problems for Families of Automata

a given leading TS). Due to their nondeterministic nature and the resulting non-uniqueness
of their progress DFAs, the notion of an almost saturated syntactic FDFA does not exist.

3 Saturation Problems

In this section, we consider various saturation problems for FDFA and FDWA. We first
establish PTIME-decidability of saturation for both types of families. Then, we illustrate
that this can be applied for both active and passive learning of ω-regular languages. Finally,
we consider a relaxed notion of saturation and we show that deciding it is PSPACE-complete.

3.1 Deciding saturation in PTIME
In the following, we state the main theorem regarding both saturation and full saturation.
Subsequently, however, we opt to focus only on the former case of saturation, deferring a
proof of the more general statement to Appendix A.

▶ Theorem 1. For a given FDFA F , one can decide in polynomial time whether F is (fully)
saturated. If not, there are (not necessarily) normalized pairs (u, x), (v, y) of polynomial
length with uxω = vyω, such that F accepts (u, x) and rejects (v, y).

We call F loopshift-stable if shifting the start of the looping part closer to the beginning
or further from the beginning preserves acceptance. Formally, this is the case if, for all
normalized (u, ax) it holds that F accepts (u, ax) if, and only if, F accepts (ua, xa). If
the leading TS is trivial, then there is only one progress automaton. In this case we also
say that the language of this progress automaton is loopshift-stable (it contains ax if, and
only if, it contains xa for each word x and letter a). We say that F is power-stable when
(de-)duplications of the loop preserves acceptance, so if for all normalized (u, x) holds that
either F accepts all (u, xi) or F rejects all (u, xi), where i > 0. The following result has
been established for full saturation in [15, 16] (see the subsection on related work in the
introduction).

▶ Lemma 2. An FDFA is saturated if, and only if, it is loopshift-stable and power-stable.

Proof (sketch). Every normalized pair (u, x) has a canonical form that can be obtained
by first shifting as much of u as possible into the looping part, and then deduplicating the
obtained looping part. So we can go back and forth between any two representations of the
same ω-word by a sequence of only loopshifts and (de)duplications of the looping part. Thus,
F treats all representations of an ω-word the same if and only if acceptance is preserved
under loopshifts and (de)duplications, and the claim is established. ◀

We now show that deciding the conjunction of loopshift-stable and power-stable is possible
in polynomial time if done in the right order (from the proof of Theorem 8 one can deduce
that deciding only power-stable alone is PSPACE-hard).

▶ Lemma 3. There exists an algorithm which given an FDFA F , decides in polynomial time
whether F is loopshift-stable. Moreover, if F is not loopshift-stable, the algorithm returns
a normalized representation (u, ax) of polynomial length such that F accepts (u, ax) if and
only F it rejects (ua, xa).

Proof (sketch). It suffices to check for every state u of T and symbol a ∈ Σ, whether there
exists a word w such that

(
aw is accepted by Du and loops on u in T

)
if, and only if,

(
wa is

not accepted by Dua and loops on ua in T
)
. Finding such a word is equivalent to testing
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emptiness for a DFA that can be obtained by a product construction between transition
systems that are of the same size, and can easily be obtained from T and Du. This guarantees
polynomial runtime, and also means that a counterexample of polynomial length exists. ◀

▶ Lemma 4. There exists an algorithm that given a loopshift-stable FDFA F in which each
progress DFA is minimal, decides in polynomial time whether F is power-stable. Moreover,
if F is not power-stable, the algorithm returns a counterexample (u, x) of polynomial length
such that F accepts (u, xi) and rejects (u, xj) where the exponents i, j are bounded by the
maximum size of a progress automaton of F .

Proof (sketch). Let u be a state in T . This proof makes use of the assumption that x

and y leading to the same state in Du implies that ux and uy lead to the same state in T .
Specifically, this property ensures that if a state q of Du is reached by a word that loops on
u in T , then all words reaching q loop on u.

The loopshift-stability of F guarantees that for all words x1, · · · , xn, x′
1, · · · , x′

n that
loop on state u in T and satisfy that Du(xi) = Du(x′

i) for 1 ≤ i ≤ n, we have that
Du(x1 . . . xn) = Du(x′

1 . . . x′
n). This means that in an arbitrary word of the form x1 . . . xn,

swapping out any xi for some other x′
i that leads to the same state in Du, will not change

the state reached by the resulting word. Thus, an algorithm which tests for power-stability,
only has to consider at most one representative for each state q of a progress DFA Du.

For each progress DFA Du, the algorithm iterates though all states q of Du. If no
words reaching q loop on u, it proceeds to the next state as such states are irrelevant when
considering normalized acceptance. Otherwise, all words that reach q loop on u, and the
algorithm picks a short representative r. The sequence of states reached by the words
r, r2, . . . will repeat after at most |Du| entries. This means that the algorithm only has to
check if all of them are accepted, or all of them are rejected. If the algorithm finds a state in
some progress DFA for which this is not the case, then F is not power-stable. As the length
of u and r are at most |T | and |Du|, respectively, it is easy to build a counterexample with
the desired properties. ◀

By first checking for loopshift-stability, and only then testing for power-stability means
we can decide saturation in polynomial time. A similar result can be obtained for FDWA.

▶ Theorem 5. For given FDWA W, one can decide in polynomial time if W is saturated.

Proof (sketch). As acceptance in an FDWA is naturally invariant under (de)duplication of
the looping part, we only have to check whether W is invariant under loopshifts. This can be
done through an approach similar to the one used in Lemma 3 adapted to the ω-semantics
of the progress automata of an FDWA. ◀

3.2 Application to Learning
In this section we show that the polynomial-time algorithms for (full) saturation of FDFAs
can be used to build polynomial time learning algorithms that can learn the regular ω-
languages represented by FDFAs. More specifically, we provide a polynomial-time active
learner for fully saturated FDFAs, as well as a polynomial-time passive learner that can learn
syntactic FDFAs from polynomial data. As mentioned in the introduction, these are the first
polynomial algorithms for representations of the full class of regular ω-languages.

In general, in automata learning, there is a class L of potential target languages for which
the algorithm should be able to infer a representation in a class C of automata that represent
languages in L. For active learning, we consider the standard setting of a minimally adequate
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teacher from [1], in which an active learner can ask membership and equivalence queries.
Membership queries provide information on the membership of words in the target language.
An equivalence query can be asked for automata in C, and if the automaton does not accept
the target language, then the answer is a counter-example in the symmetric difference of the
target language and the language defined by the automaton. The running time of an active
learner for the automaton class C with oracles for a language L as input is measured in the
size of the minimal automaton for L (in the class C under consideration), and the length of
the longest counter-example returned by the equivalence oracle during the execution of the
algorithm. It is by now a well-known result that there are polynomial time active learners
for the class of regular languages represented by DFAs [1, 32, 21]. Based on such a DFA
learner and the full saturation check (Theorem 1) we can build an active learner for fully
saturated FDFAs.
▶ Theorem 6. There is a polynomial time active learner for the class of regular ω-languages
represented by fully saturated FDFAs.
Proof (sketch). The learning algorithm uses a polynomial time active learner for DFAs in
order to learn a DFA for the language L$ := {u$v | uvω ∈ L} over the alphabet Σ ∪ {$}.
Membership queries can easily be answered using the membership oracle for ultimately
periodic words. On equivalence queries of the DFA learner, our algorithm first translates the
DFA over Σ∪{$} into an FDFA FA with Lrep(FA) = {(u, v) ∈ Σ∗×Σ+ | u$v ∈ L∗(A)}, which
is a straight-forward construction. Then it checks if the FDFA is fully saturated (Theorem 1),
and if not returns a counter-example to the DFA learner derived from the example for failure
of full saturation. If the FDFA is fully saturated but there is a counter-example (u, v) this is
passed on as u$v to the DFA learner. ◀

A passive learner gets as input two sets S+ of examples that are in the language and S−
of examples that are not. It outputs an automaton from C such that all examples from S+
are accepted and all examples from S− are rejected. The pair S = (S+, S−) is referred to as
sample. It is an L-sample if all examples in S+ are in L, and all examples in S− are outside
L. For the class of regular ω-languages represented by their syntactic FDFAs, the sets S+
and S− contain representations of ultimately periodic words, and the passive learner outputs
a syntactic FDFA F that is consistent with S, that is, S+ ⊆ Lrep(F) and S− ∩ Lrep(F) = ∅.
In the terminology of [20], we say that a passive learner f can learn automata from C for
each language in L in the limit if for each L ∈ L there is an L-sample SL, such that f(SL)
returns an automaton A that accepts L, and for each L-sample S that extends SL (contains
all examples from SL), f(S) returns the same automaton A. Such a sample SL is called
a characteristic sample for L and f . Further, f is said to learn automata from C for each
language in L in the limit from polynomial data if for each L there is a characteristic sample
for L and f of size polynomial in a minimal automaton for L (from the class C).
▶ Theorem 7. There is a polynomial time passive learner for regular ω-languages represented
by syntactic FDFAs that can infer a syntactic FDFA for each regular ω-language in the limit
from polynomial data.
Proof (sketch). The passive learner constructs an FDFA F from the given sample S using
techniques known from passive learning of DFAs. It then checks whether F is a syntactic
FDFA that is consistent with S and returns F if yes. Otherwise, it returns a default FDFA
that accepts precisely all representations of the ultimately periodic words in S+. The test
whether F is a syntactic FDFA can then be done by checking whether F is saturated
(Theorem 1). We guarantee in step 1 that there is no smaller leading congruence for the
given sample. ◀
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3.3 Almost Saturation
Saturation is sufficient, but not necessary to guarantee ω-regular semantics. In [25], the
weaker notion of almost saturation is shown to also be sufficient, and in this section we
consider the complexity of deciding whether an FDFA has this property. We say that
F = (T , D) is almost saturated if (u, x) ∈ Lnorm(F) implies (u, xi) ∈ Lnorm(F) for all i > 1.
In other words, once such an FDFA accepts a loop, it must also accept all repetitions of it,
which means that the languages accepted by the progress automata are closed under taking
powers of the words in the language.

▶ Theorem 8. It is PSPACE-complete to decide whether an FDFA is almost saturated.

Proof (sketch). Membership in PSPACE can be established by an algorithm that guesses a
word showing that the FDFA is not almost saturated. To show PSPACE-hardness, we reduce
from the DFA intersection problem, which asks whether the intersection of an arbitrary
sequence D1, . . . , Dp of DFAs is non-empty and is known to be PSPACE-complete [23]. We
assume that the number p of automata is prime, otherwise we pad the sequence with universal
DFAs. We introduce a fresh symbol # and construct the FDFA F = (T , A) where T is
trivial and A is a DFA for the complement of # L∗(D1)# L∗(D2)#· · · # L∗(Dp). Then a
word x is accepted by A while xi is rejected iff x = #u for u accepted by all the Dj . ◀

4 Regularity

We only consider normalized representations in this section, following other works on FDFAs [2,
24, 25], and provide proof details in Appendix B. We believe that the methods that we
present in this section also work for the non-normalized semantics, but this requires some
extra details, so we prefer to stick to one setting.

An FDFA or FDWA F defines a UP-language (a set of ultimately periodic words) through
the representations it accepts. If this UP-language L is UP-regular, that is, there is an
ω-regular language L′ such that L = UP(Σ) ∩ L′, then L′ is unique and F defines this
ω-regular language. For FDFAs it is known that they define ω-regular languages if they are
saturated [2] or almost saturated [25]. But in general, the UP-language of an FDFA needs
not to be UP-regular, which is witnessed e.g. by an FDFA accepting pairs of the form (u, bai)
for which the UP-language is

⋃
i∈N

(
Σ∗(bai)ω

)
, which is not UP-regular [25, Example 2].

The main result in this section is that the regularity problem for FDFAs is decidable: given
an FDFA, decide whether it defines a regular ω-language, that is, whether its UP-language
is UP-regular. We show that the problem is PSPACE-complete. Note that almost saturation
is not a necessary condition, as witnessed by a simple progress DFA accepting ai for all odd
integers i, which clearly defines a UP-regular language for the trivial leading TS but is not
almost saturated.

But let us start with the observation that for FDWAs there is no decision problem because
the UP-language is always UP-regular, which can be shown by the same construction to
NBAs that is used for (almost) saturated FDFAs (which goes back to [13]).

▶ Lemma 9. For every FDWA W = (T , B), the UP-language {uxω | xω is accepted by Bu}
is UP-regular

We now turn to the regularity problem for FDFAs. We first show that it is sufficient to
analyze loopshift-stable FDFAs with trivial leading TS (Lemma 10, Theorem 11). However,
this requires to work with nondeterministic progress automata because making an FDFA
loopshift-stable can cause an exponential blow-up.

ICALP 2025



151:12 Saturation Problems for Families of Automata

We call F = (T , N ) a family of NFAs (FNFA), where T is the leading deterministic TS
and, for each q ∈ Q(T ), Nq is an NFA. Recall, that we consider the normalized setting, so
(u, v) is accepted by F if T (u) = T (uv) and v is accepted by NT (u). FDFAs are simply
special cases of FNFAs, where all progress automata are deterministic. The notion of
loopshift-stability and other notions defined for FDFA naturally carry over to FNFAs as well.

▶ Lemma 10. Given an FDFA or FNFA F = (T , N ), we can build a loopshift-stable FNFA
F ′ = (T , N ′) in polynomial time such that F and F ′ define the same UP-language.

Proof (sketch). F ′ can nondeterministically guess, for (u, v), the shift (uv1, v2v1); T (uv1);
and the state p the accepting run of NT (uv1) on v2v1 is in after reading v2, and use its
nondeterministic power to validate the guess. ◀

We now state the main theorems of this section.

▶ Theorem 11. The regularity problem for FDFAs is PSPACE-complete. More precisely, the
following problems are PSPACE-complete:
1. Is the UP-language of a given FNFA F = (T , N ) UP-regular?
2. Is the UP-language of a given FDFA F = (T , D) with a trivial TS T UP-regular?
3. Is the UP-language of a given FNFA F = (T , N ) with a trivial TS T and a loopshift-stable

set P = L∗(N ) UP-regular?
4. Is the UP-language of a given FNFA F = (T , N ) with a trivial TS T UP-regular?

Proof outline: To show hardness, it is enough to show hardness for (2), as hardness for (3)
then follows from Lemma 10, and both (2) and (3) are special cases of (1) and (4). We show
hardness of (2) in Theorem 16.

Most of this section is dedicated to establish a decision procedure (which is in PSPACE)
for (3). This is done in Lemmas 12 through 15. Using Lemma 10 reduces (4) to (3), and (2)
is a special case of (4). Case (1) can be reduced to case (3) by considering a labeling of the
words with the states of the leading TS. ◀

Prefix-independent languages. For the PSPACE upper bound, as justified by the reduction
to (3) of Theorem 11, we focus on a loopshift-stable FNFA F = (T , N ) with trivial T . So
there is only one progress NFA N = (Σ, Q, δ, ι, F ), which accepts some language P = L∗(N )
satisfying uv ∈ P ⇔ vu ∈ P as F is loopshift-stable. Since T is trivial, the UP-language L of
F is prefix-independent and is of the form L = {u · vω | (u, v) ∈ Lnorm(F)} = Σ∗ · ω-Pow(P )
(recall that ω-Pow(P ) = {vω : v ∈ P}). Our goal is to decide whether L is UP-regular.

As the semantics is existential, it can happen that some representations of a word
vω ∈ ω-Pow(P ) are not in P . This makes the problem non-trivial even in the prefix-
independent case as witnessed by the language P = {aibaj | i + j ≥ 1}, which consists of
all words with exactly one b and at least one a over the alphabet Σ = {a, b}. Clearly, P is
regular, but L = Σ∗ · {

(
aibaj

)ω | i + j ≥ 1} is not UP-regular.
We now define a congruence relation ≈P : for x, y ∈ Σ∗,

x ≈P y iff for all v ∈ Σ∗ holds (xv)ω ∈ ω-Pow(P ) ⇐⇒ (yv)ω ∈ ω-Pow(P ).

As L = Σ∗ · ω-Pow(P ) is prefix-independent, ≈P is the syntactic congruence of L defined
in [5], and also corresponds to the definition of the progress congruence of the syntactic
FORC [29] and to the periodic progress congruence from [3] (where the latter two are only
defined for regular ω-languages). It follows from results in [13, 2] that L is UP-regular if,
and only if, ≈P has finite index.
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▶ Lemma 12. Let F = (T , N ) be a loopshift-stable FNFA with trivial TS T ; let P = L∗(N )
and let L = Σ∗ · ω-Pow(P ). Then the following claims are equivalent: (1) ≈P has finite
index; and (2) the UP-language L of F is UP-regular.

Transition profiles. By Lemma 12, to determine whether or not the UP-language of F is
UP-regular, we only need to check whether ≈P has finite index. To this end, we introduce
the transition profile of a finite word x ∈ Σ+, which captures the behavior of x in a TS or
automaton, in this case the progress NFA N . Formally, τ is given as a mapping τ : Q → Q if
N is deterministic and τ : Q → 2Q if it is nondeterministic, with q 7→ δ∗(q, x), and we write
τN for the function that assigns to a finite word its transition profile in N . There are at
most |Q||Q| and 2|Q|2 different mappings for deterministic and nondeterministic automata,
respectively. We now refine ≈P using the transition profile by introducing

x ≈N y if, and only if, x ≈P y and τN (x) = τN (y) .

Clearly, ≈P has finite index if, and only if, ≈N has finite index.
Transition profiles are useful, because they offer sufficient criteria for a word x to be in the

power language: we can directly check from τN (x) whether or not there is some power j > 0
such that xj ∈ P . This, of course, entails xω ∈ ω-Pow(P ). We call such transition profiles
accepting and transition profiles, where no power of x is accepted, rejecting. Note that τN (x)
is called accepting if some power of x is accepted, not necessarily x itself. Correspondingly,
τN (x) is rejecting if all powers of x are rejected.

Note that there can be words x such that xω ∈ ω-Pow(P ) but no power of x is in P .
For instance, let P = {biabj : i + j ≥ 0} be a loopshift-stable regular language: clearly
(ab · ab)ω ∈ ω-Pow(P ) but (ab · ab)i /∈ P for all i > 0.

Recall that the root
√

x is the shortest word u such that uω = xω. To get a feeling for
the properties of transition profiles, for a word x with x =

√
x, xω ∈ ω-Pow(P ) can only

hold if some power of x is in P , which we can read from τN (x).
We call a transition profile τ terminal if it is accepting, but τ i is rejecting for some power

i. (Note that τN (xi) is the function obtained from iterating τN (x) i times. However, we
can take the power of a transition profile directly without knowing x, and even for transition
profiles that do not correspond to a word.)

We call a word x such that τN (x) is terminal, a terminal word and write Ter (P ) for the
set of terminal words in P . So x is a terminal word if some power xj is in P , and there is
i > 1 such that xik /∈ P for all k ≥ 1. Note that if x is a terminal word, then so is

√
x. The

following lemma expresses finite index of ≈P in terms of a property of Ter (P ) that we use
in our decision procedure.

▶ Lemma 13. If the NFA N accepts a loopshift-stable language P , then ≈N (and thus ≈P )
have finite index if, and only if, Ter (P ) has finitely many roots.

Proof (sketch). We show that, if there are infinitely many roots in Ter (P ), then we can
construct from them an arbitrary number of words that are distinguished by ≈P ; ≈P

therefore has infinite index.
Conversely, if there are finitely many roots r1, . . . , rn in Ter (P ), then two words x, y are

identified equivalent by ≈P if they define the same transition profile τN (x) = τN (y) and
for all z ∈ Σ∗ τN (xz) is accepting or there is a root ri ∈ Ter (P ) such that (xz)ω = rω

i iff
there is a root rj ∈ Ter (P ) such that (yz)ω = rω

j where 1 ≤ i, j ≤ n.
These are all regular properties, and ≈P is therefore finite. ◀
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We now show that infinitely many roots of Ter (P ) are witnessed by transition profiles
with specific properties, called good witnesses, as defined below.

We say that a word x visits τg first if (a) τN (x) = τg holds and (b) no true prefix y

of x satisfies τN (y) = τg. If there is a word x that visits τg first, we say that u recurs to
τg if u ̸= ε and (a) τN (xu) = τg holds and (b) no true non-empty prefix v of u satisfies
τN (xv) = τg.

We say that τg is a good witness if it is terminal and one of the following holds:
1. there are infinitely many words x that visit τg first, or
2. there is a word x that visits τg first and a word u that recurs on τg that have different

roots.

▶ Lemma 14. Let P = L∗(N ). There is a good witness τg if, and only if, Ter (P ) has
infinitely many roots.

Proof (sketch). If Ter (P ) has infinitely many roots, then infinitely many of them refer to
one witness. We show that they cannot all be constructed from one word x that visits τg

first and one word u that recurs on τg and has the same root as τg, so that one of the two
cases must hold.

Reversely, if τg is a good witness we distinguish case (1), where we argue that the infinitely
many words that visit τg first must have different roots (and roots of terminal words are
terminal). For the other case, we build infinitely many roots with the terminal transition
profile τg from a word x that visits τg first and a word u that recurs on τg and has a different
root than x. ◀

Checking if there is a good witness can be done on the succinctly defined TS whose state
space are the transition profiles that tracks the transition profiles of finite words.

▶ Lemma 15. For a given NFA N , we can check if there is a good witness in PSPACE.

Proof (sketch). We observe that tracing the transition profiles is done by a TS T ′ of size
exponential in N , but succinctly represented by N (and in τg for checking that τg is terminal).
Checking the conditions of a good transition profile are a number of reachability problems in
this transition profile, and all of them are in NL the size of T ′. ◀

This finishes the proof for the PSPACE upper bound. We now show the lower bound for
case (2) of Theorem 11.

▶ Theorem 16. Deciding for a DFA D whether Ter (P ) is finite for P = L∗(D) and deciding
whether Ter (P ) has finitely many roots are PSPACE-hard. Furthermore, deciding if the
UP-language of an FDFA with trivial leading TS is UP-regular, is PSPACE-hard.

Proof. Assume that we are given p DFAs D1, D2, · · · , Dp that do not accept the empty word;
we assume that p is prime (and otherwise pad) and that # /∈ Σ. We define L1 = #+Σ+#∗,
Lp = L1

p, and L∩ =
⋂p

i=1 L∗(Di). Deciding if L∩ = ∅ is the PSPACE-hard problem we
reduce from.

We build two DFAs D and D′ using the states of D1, . . . , Dp plus p + 1 extra states. D′

accepts a word w if it is in Lp and of the form w = #+w1#+w2 . . . #+wp#∗ s.t. wi ∈ Σ+

holds for all i ≤ p and wi /∈ L∗(Di) holds for some i ≤ p. We call its language L′.
D accepts a word w if w ∈ Lp

∗ · L′ · Lp
∗ or w ∈ L1

i and p does not divide i.
If L∩ ̸= ∅, then every word v ∈ #+L∩ is terminal for P = L∗(D), because vp defines a

rejecting transition profile. These words are all roots, and the #+ part ensures that there
are infinitely many of them.
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For the case L∩ = ∅ we assume towards a contradiction that Ter (P ) contains a root u.
Then u ∈ L1

i#∗ for some i. If p divides i, then either all powers of u are accepted or no
power of u is accepted (contradiction). If p does not divide i, then uj is accepted if p divides
j (because all i words in Σ+ are rejected by some Dk due to L∩ = ∅), and uj is accepted if p

does not divide j, because then p does not divide ij and uj ∈ L1
ij (contradiction).

For showing the second part of the theorem, we use the DFA D as progress automaton
for an FDFA with trivial leading TS, and then use Lemma 12 and Lemma 13. These lemmas
require the language that is accepted to be loopshift-stable. While D does not recognize a
loopshift-stable regular language P , it is not hard to see that the loopshift-stable language
P ′ = {xy | x, y ∈ (Σ ∪ {#})∗, yx ∈ P} we obtain by the construction from Lemma 10 also
satisfies that Ter (P ′) = ∅ if L∩ = ∅. Since Ter (P ) ⊆ Ter (P ′), we also get that Ter (P ′)
contains infinitely many roots if L∩ ̸= ∅. Furthermore P ′ and P define the same UP-language,
and thus deciding if this UP-language is UP-regular is the same as deciding if Ter (P ) has
finitely many roots. ◀

5 Comparison

In this section, we analyze the influence that the properties introduced in Section 3 can have
on the succinctness of the various models. Moreover, we also consider the transformation
between models with certain properties. The results of this section are presented visually in
the overview in Figure 1. We sketch the families used to obtain lower bounds only roughly,
deferring formal definitions and proofs to the appendix for the sake of readability.

Saturated FDWAs may be exponentially more succinct than saturated FDFAs. Intuitively,
this comes from the fact that by Lemma 2 FDFAs have to be loopshift-stable, which implies
that their progress DFAs exhibit a monoidal structure. We have described this structure in
more detail, and shown how it makes deciding power-stability tractable in Lemma 4. However
it also means that if the leading TS is trivial, then in the progress automaton two words
u, v may only lead to the same state if they cannot be distinguished in arbitrary products,
that is, for all words x, w, either xuw and xvw are both accepted by the progress DFA, or
both are rejected. This insight allows us to obtain the following lower bound with standard
techniques.

▶ Lemma 17. For each n > 0, there is a language Ln that can be recognized by a saturated
FDWA of size (1, n + 2), and by an almost saturated FDFA of size (1, n + 2), but for every
saturated FDFA of size (1, m) that recognizes Ln, we have that m ≥ nn.

Proof (sketch). We represent mappings {1, . . . , n} → {1, . . . , n} as words over an alphabet
of constant size. The language Ln contains a word w if it has infinitely many infixes #u#
such that 1 is a fixpoint of the mapping represented by u. A saturated FDWA can wait for
an occurrence of # and then keep track of the number that 1 is mapped to, which is possible
with n + 2 states. As the progress automaton of this FDWA has only a single accepting
state which is a sink, it is almost saturated when viewed as FDFA. By Lemma 2, a saturated
FDFA must be loopshift-stable, and therefore cannot wait for an occurrence of # before
following a single number. Thus, it has to memorize the full mapping encoded by the word
read so far, for which it needs at least nn states. ◀

The size of an almost saturated FDFA is, in general, incomparable to the size of a
saturated FDWA, and there may be an exponential blowup in either direction, which the
following lemma formalizes.
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▶ Lemma 18. For all n > 0, there are languages Ln and L′
n such that

1. Ln is accepted by a saturated FDWA of size (1, 2n + 1), while for every almost saturated
FDFA for Ln with trivial leading TS has a progress automaton of size 2 n

2

2. L′
n can be recognized by an almost saturated FDFA of size (1, n + 3), and by an FDWA

of size (1, n + 3), but every saturated FDWA with trivial leading TS has at least 2n states
3. in every almost saturated FDFA with trivial leading TS that accepts the complement of

L′
n, the progress automaton has at least 2n

2n states.

Proof (sketch). The alphabet of Ln consists of non-empty subsets of {1, . . . , 2n}. A word
is in Ln if some number i is member of only finitely many symbols, meaning Ln is prefix-
independent. Due to its limit behavior, a saturated FDWA can test on the loop for an
occurrence of each number in sequence, leading to a progress automaton with 2n + 1 states.
But one can show that for all X, Y ⊆ {1, . . . , 2n} with X ̸= Y and |X| = |Y | = n, either
X and Y , or their complements must lead to different states from the initial state of the
progress automaton of any almost saturated FDFA for Ln.

The language L′
n is defined over the alphabet {0, 1}, and contains all words with infinitely

many infixes 0u0 such that |u| = n − 1, which is clearly prefix-independent. When using
a trivial leading TS, an FDWA or almost saturated FDFA can simply guess the start of
an infix 0u0 and verify that |u| = n − 1, which can be done with n + 3 states. This is not
possible in a saturated FDWA since it has to be invariant under loopshifts. Similarly, in the
progress automaton of any almost saturated FDFA for the complement of L′

n, distinct words
of length n must lead to different states. ◀

The following bounds were already known in the literature (c.f. [22, Section 5] and [3,
Theorem 2]). We include them for the purpose of completeness, and provide families of
languages achieving them in a systematic way.

▶ Lemma 19. For all n > 0 there are languages Ln, L′
n such that

1. Ln is recognized by a saturated FDFA of size (n, 2n), but the syntactic FDFA for Ln is
of size (1, nn), and

2. the syntactic FDFA for L′
n is of size (n + 1, 2n + 1) and every fully saturated FDFA for

L′
n has a progress DFA of size at least nn.

Proof (sketch). We consider words of the form u1#u2# . . . where each ui encodes a mapping
mui

from {1, . . . , n} to itself, akin to Lemma 17. Such a word is in Ln if infinitely many ui

represent a mapping such that 1 is a fixpoint. A small saturated FDFA (T , D) tracks in its
leading TS T the number that 1 is sent to under the mapping encoded by the word read
since the last #. This leads to n progress DFAs of size 2n each, and Di accepts words of the
form x#y where mx maps i to 1 and my maps 1 to i. The syntactic FDFA on the other hand
has a trivial leading TS and in its progress DFA, any words encoding distinct mappings have
to lead to different states. For the second claim, we slightly modify Ln to force the leading
TS of the syntactic FDFA to be roughly of the shape of T , which means the each progress
DFA is of linear size. A fully saturated FDFA for L′, however, cannot simply ignore words if
they do not loop on a state of the leading TS, which forces it to track all nn mappings. ◀

6 Conclusion

We have determined the complexity of several decision problems related to the saturation of
FDFAs and FDWAs. We showed that this has practical implications using polynomial-time
(full) saturation check to provide a polynomial-time active learner for fully saturated FDFAs,
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as well as a polynomial-time passive learner capable of learning in the limit the syntactic
FDFA for each regular ω-language from polynomial data. These are the first algorithms of
their kind for representations of the entire class of ω-regular languages. Beyond these direct
applications, we believe that our proofs offer deeper insights into the structure of FDFAs,
particularly regarding the reasons for non-saturation and non-regularity, which may prove
useful for further results and algorithms for ω-languages represented by families of automata.
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A Full proof of PTIME-decidability of (full) saturation

In this section we give full proofs for the PTIME decidability of (full) saturation for FDFAs
and saturation for FDWAs. In order not to have to state all the lemmas twice, once for
saturation and once for full saturation, we give a general formulation of the lemmas with
respect to a reference set X ⊆ Σ∗ × Σ+, which either consists of all pairs or only the
normalized ones for the family under consideration. Note that the normalized pairs depend
on F , so when we say that X is a reference set, it is always w.r.t. some F . This F should
always be clear from the context. The following properties are used in the sequel and can
be shown by a simple case distinction. Recall that we identify each state of a transition
system/automaton with the length-lexicographically minimal word leading to that state.

▶ Lemma 20. Let X be a reference set for some family F = (T , D), then
1. (T (u), x) ∈ X if and only if (u, Du(x)) ∈ X if and only if (u, x) ∈ X
2. (u, x) ∈ X implies (u, xi) ∈ X for all i > 0
3. (u, ax) ∈ X implies (ua, xa) ∈ X
4. (u, x), (u, y) ∈ X implies (u, xy) ∈ X
5. for each u, there is a DFA of size |T | that accepts precisely those x such that (u, x) ∈ X .

Proof. Surely, if X is Σ∗ × Σ+, the properties trivially hold. Otherwise, we have that
(u, x) ∈ X if and only if ux ∼T u, or equivalently T (ux) = T (u).
1. Obviously, Du(x) and x lead to the same state in Du and so by our assumption on the

progress automata, uDu(x) ∼T ux. Because Du = DT (u) and ∼T is a right congruence,
we obtain uDT (u)(x) ∼T T (u)DT (u)(x) ∼T uDu(x) ∼T ux, from which the equivalence
immediately follows.

2. For all i > 0, we have uxi = uxxi−1 ∼T uxi−1 ∼T · · · ∼T ux ∼T u.
3. If u · ax ∼T u, then since ∼T is a right congruence, surely also ua · xa = u · ax · a ∼T u · a.
4. If ux ∼T u and uy ∼T u, then because ∼T is a right congruence surely also uxy ∼T

uy ∼T u.
5. If X is universal, such a DFA is universal. Otherwise, we obtain it for some u from T by

setting T (u) as the initial state and {T (u)} as final states.
◀

A family F = (T , D) and a reference set X give rise to an equivalence relation on
representations. We define that (u, x) ≡X

F (v, y) if {(u, x), (v, y)} ⊆ X implies either both
(u, x) and (v, y) are accepted by F or both are rejected by F . Conversely, if (u, x) ̸≡X

F (v, y),
then we must have that both are in X and F accepts one but not the other. Note in particular,
that if X is not universal, then any non-normalized representation is ≡X

F -equivalent to
all representations. We can now use this relation to define the notions of loopshift- and
power-stability as well as that of saturation in a way that is agnostic to whether we consider
only normalized or all representations.

F is called saturated for X if for all representations (u, x), (v, y) ∈ X with uxω = vyω holds
(u, x) ≡X

F (v, y). From this, we can recover the notions used in the main part. Specifically, F
is saturated if F is saturated for the set of normalized representations and fully saturated
if F is saturated for all representations. Further, we call F is called loopshift-stable for X
if for all (u, ax) ∈ X holds (u, ax) ≡X

F (ua, xa). Finally, F is power-stable for X if for all
(u, x) ∈ X holds (u, xi) ≡X

F (u, xj) for all i, j > 0.

▶ Lemma 21. Let F = (T , D) be an FDFA and X be a reference set. F is saturated for X
if and only F it is loopshift-stable for X and power-stable for X .
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Proof. For the direction from left to right, assume that F is saturated for X and let
(u, ax), (v, y) ∈ X . Then by applying Lemma 20, we obtain (v, yi) ∈ X for all i > 1 from
(2) and (ua, xa) ∈ X from (3). Since additionally, u(ax)ω = ua(xa)ω and vyω = v(yi)ω for
i > 0, we immediately get that F it is loopshift-stable for X and power-stable for X from
the fact that F is saturated for X .

For the opposite direction, consider (u, x), (v, y) ∈ X such that uxω = vyω. Assume
without loss of generality that |u| ≥ |v|, else we just swap them. Pick m = (|u| − |v|) mod |y|
and decompose y = y0y1 with |y0| = m. Then we can write u = vyky0 and xi = (y1y0)j for
some k ≥ 0, i, j > 0. It now follows from the properties of F , that

(v, y) ≡X
F (vyk+1, y) loopshift-stable for X and Lemma 20 (3)

≡X
F (vyky0y1, y0y1) y = y0y1

≡X
F (vyky0, y1y0) loopshift-stable for X and Lemma 20 (3)

≡X
F (vyky0, (y1y0)j) power-stable for X and Lemma 20 (2)

≡X
F (u, xi) u = vyky0 and xi = (y1y0)j

≡X
F (u, x) power-stable for X and (u, x) ∈ X

Thus, we have (u, x) ≡X
F (v, y), and the claim is established. ◀

▶ Lemma 22. Let F = (T , D) be an FDFA of size (n, k) and X be a reference set. It
is possible to decide in polynomial time whether F is loopshift-stable for X . If not, one
obtains in the same time a counterexample (u, ax) ∈ X of polynomial length such that
(u, ax) ̸≡X

F (ua, xa).

Proof. F is not loopshift-stable for X if there are (u, ax), (ua, xa) ∈ X with (u, ax) ̸≡X
F

(ua, xa). To verify whether such a counterexample exists, we consider all u ∈ Q(T ) and
a ∈ Σ. As guaranteed by (5) of Lemma 20, we assume that Cu is a DFA of size at most |T |
accepting all x ∈ Σ+ such that (u, x) ∈ X . We now construct

Au,a accepting all words w ∈ Σ+ such that aw ∈ L∗(Du) ∩ L∗(Cu)
Bu,a which accepts a word w ∈ Σ+ if wa ∈ L∗(Dua) ∩ L∗(Cua).

Au,a can be obtained by first building the product of the two automata for the intersection
and then making the a-successor of the original initial state as the new initial state. Similarly,
for Bu,a one first builds the product of the two automata for the intersection, and subsequently
marks precisely those states as accepting that have a transition on a into a final state. A
word x in the symmetric difference of L∗(Au,a) and L∗(Bu,a) now witnesses that A is not
loopshift-stable for X .

As the constructed DFAs are obtained from the transition system resulting from the
product of T and a progress DFA, their size is clearly polynomial, which means that testing
the symmetric difference for emptiness can be done in polynomial time. Since we have to
consider |T | choices for u and |Σ| choices for a, so the overall runtime of the procedure is
clearly polynomial. Finally, since non-emptiness is witnessed by a word x of linear length,
and |u| is at most |T | (since Q(T ) is prefix-closed), the a counterexample of polynomial
length is guaranteed to exist. ◀

Deciding whether the language accepted by a DFA is power-stable is, in general, a difficult
problem (which can be shown by a reduction similar to the one in Lemma 27). However
we can show that if F is loopshift-stable, then each progress DFA Du of F has a transition
structure that is monoidal in the sense made precise by the following lemma.
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▶ Lemma 23. Let X be a reference set and F = (T , D) be an FDFA that is loopshift-stable for
X in which each progress DFA is minimal. For all (u, x1), . . . , (u, xn), (u, y1), . . . , (u, yn) ∈ X
with Du(xi) = Du(yi) for 1 ≤ i ≤ n, it holds that Du(x1 . . . xn) = Du(y1 . . . yn).

Proof. Since each right congruences representing the transition system of a progress DFA
refines the right congruence of the leading transition system, we can safely assume that F
accepts only representations from X . Now let (u, x1), . . . , (u, xn), (u, y1), . . . , (u, yn) ∈ X
satisfy the conditions of the statement, i.e. Du(xi) = Du(yi) for all 1 ≤ i ≤ n. First, observe
that (u, x1), (u, y1) ∈ X implies (u, x1y1) ∈ X by (4) of Lemma 20. More generally, iterated
application yields that for any w which is the concatenation of an arbitrary number of xi

and yj holds that (u, w) ∈ X . Moreover, the same holds if we shift an arbitrary number of
these xi or yi into the prefix, as guaranteed by property three of Lemma 20.

Now let z ∈ Σ∗ be such that (u, x1 . . . xnz) ∈ X , then

(u, x1 . . . xnz) ≡X
F (u, y1x2 . . . xnz) Du(x1) = Du(y1)

≡X
F (uy1, x2 . . . xnzy1) loopshift-stable for X

≡X
F (uy1, x2 . . . xnzy1) T (uy1) = T (u)

≡X
F (uy1, y2x3 . . . xnzy1) Du(x2) = Du(y2)

≡X
F . . .

≡X
F (uy1 . . . yn−1, ynzy1y2 . . . yn−1)

≡X
F (uy1 . . . yn−2, yn−1ynzy1 . . . yn−2)

≡X
F . . .

≡X
F (u, y1 . . . ynz).

We can shift the prefix back into the loop in the end, since we know that (u, y1 . . . ynz) ∈ X ,
and therefore by property 3 of Lemma 20 also (uy1 . . . yi, yi+1 . . . ynzy1 . . . yi) ∈ X for all
i < n. So for all z ∈ Σ∗ holds that (u, x1 . . . xnz) /∈ X or x1 . . . xnz ∈ L∗(Du) if and only if
y1 . . . ynz ∈ L∗(Du). Since we assumed Du to only accept words w such that (u, w) ∈ X , that
must mean the left quotients of x1 . . . xn and y1 . . . yn with regard to L∗(Du) coincide. Since
Du is minimal by assumption, this immediately gives us Du(x1 . . . xn) = Du(y1 . . . yn). ◀

A key implication of this technical lemma is that the powers of all words reaching the same
state in a progress DFA Du behave the same. Specifically, for x, y ∈ Σ+ with Du(x) = Du(y),
it holds that Du(xi) = Du(yi) for all powers i ≥ 1. This implies that for checking power-
stability it suffices to consider one representative for each state of Du, which results in an
efficient decision procedure.

▶ Lemma 24. Let X be a reference set and F = (T , D) be an FDFA which is loopshift-stable
for X . For any (u, x) ∈ X and y ∈ Σ∗ with Du(x) = Du(y), we have that Du(xi) = Du(yi)
for all i > 0. In particular, this implies that F is power-stable for X if and only if for all
u ∈ Q(T ), x ∈ Q(Du) with (u, x) ∈ X holds (u, xi) ≡X

F (u, xj) for all 0 < i < j ≤ |Du|.

Proof. Let us begin with the first claim, which we then use to show the equivalence in the
second claim. Let (u, x) ∈ X and y ∈ Σ∗ with Du(x) = Du(y). For i ≥ 1, we can apply
Lemma 23 to i-copies of (u, x) and (u, y), giving us that Du(xi) = Du(yi), which establishes
the first claim.
For the equivalence from the second claim, we show that if (u, xi) ̸≡X

F (u, xj) for 0 < i < j,
then already (T (u), Du(x)i′) ̸≡X

F (T (u), Du(x)j′) for some 0 < i′ < j′ ≤ |Du|. Consider a
representation (u, x) ∈ X witnessing that F is not power-stable for X , meaning (u, xi) ̸≡X

F
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(u, xj) for 0 < i < j. Let û = T (u), then T (u) = T (û) giving us (u, xi) ≡X
F (û, xi) by

(1) of Lemma 20. Moreover, for x̂ = Du(x), we have Du(x) = Dû(x) = Dû(x̂) = Du(x̂).
Applying the first claim that we already proved, we get that (u, xi) ≡X

F (û, xi) ≡X
F (û, x̂i).

To see that i, j ≤ |Du|, consider the sequence (qm)m∈N defined by qm = Du(x̂m). By the
pigeonhole principle, there must be a repetition among the first |Du| + 1 states. So there
exist 0 ≤ k < l ≤ |Du| with qk = ql, and moreover the sequence repeats cyclically afterwards.
A standard pumping argument shows that we can cut out repetitions of this sequence, and
thereby bound the exponents i, j by the size of Du, concluding the proof. ◀

If we first check loopshift-stability through Lemma 22, and subsequently test for power-
stability through Lemma 24, then by Lemma 21 we obtain a decision procedure for saturation.

▶ Theorem 25. For a reference set X and a given FDFA F , one can decide in polynomial
time whether F is saturated for X . If not, there exist (u, x), (v, y) ∈ X of polynomial length
such that uxω = vyω and (u, x) ̸≡X

F (v, y).

Proof. From Lemma 21, it follows that F = (T , D) is saturated for the reference set X if
and only if F is both loopshift-stable for X and power-stable for X . By Lemma 22, we know
that it is decidable in polynomial time whether F is loopshift-stable. If not, the lemma gives
a counterexample of polynomial length witnessing that F is not saturated for X . Otherwise,
we may assume that F is loopshift-stable for X , which allows us to apply Lemma 24 to test
whether F is also power-stable for X .

Regarding the length of a counterexample, if the first test fails, we obtain a counterexample
(u, ax) ̸≡X

F (ua, xa) with |u| ≤ n, |x| ≤ n2k2, which satisfies the bounds. Similarly, the second
test yields a counterexample consisting of u ∈ Q(T ), x ∈ Q(Du) and indices 0 < i < j ≤ |Du|
such that (u, xi) ̸≡X

F (u, xj). As |u| ≤ | Q(T )| and |x| ≤ | Q(Du)| guarantees that a
counterexample of polynomial length exists.

As we already argued, testing for loopshift-stability is possible in polynomial time. If this
check returns a positive answer, we consider n choices for u and at most k possibilities for
x. By (5) of Lemma 20, verifying if (u, x) ∈ X is linear in |u| and |x|. What remains is to
compute the sequence of states reached by Du for the first k + 1 powers of x, and to check
whether both a final and a non-final state appear in the sequence. This is clearly possible in
polynomial time, and the claim is established. ◀

In contrast to FDFAs, the mode of acceptance by itself ensures that all repetitions of the
looping part are treated the same in an FDWA. Indeed, since (u, x) is in Lrep(W) precisely if
xω is accepted by the progress DFA for u, which immediately ensures that no repetition of x

can lead to a different acceptance status. So for deciding whether an FDWA is saturated,
what remains is to check is that shifting parts of the loop into the prefix does not change
acceptance.

▶ Theorem 26. For a reference set X and a given FDWA W, one can decide in polynomial
time polynomial whether W is saturated for X .

Proof. In the latter part of this proof, we show that a witness for W = (T , B) not being
saturated corresponds to u ∈ Q(T ), p, q ∈ Q(Bu) and r ∈ Q(Bv) where v = uvp for some vp

that reaches p in Du, such that there exist x, y with the following properties:
1. (u, xy) ∈ X (whence (ux, yx) ∈ X by (3) of Lemma 20)
2. x reaches p in Bu and leads from q to p in Bu

3. y leads from p to q in Bu and reaches r in Bv
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4. xy loops on r in Bv.
5. p, q are accepting in Bu if and only r is not accepting in Bv.
So an algorithm testing for saturation can iterate over all possible choices for the variables
and test if such words exist. To do this, it first filters out choices for the variables such that
(1) cannot be satisfied, which can be done using the DFA guaranteed by (5) of Lemma 20.
Then, it build DFAs A for words x satisfying (2), and B for words y satisfying (3). Finally,
we can construct an NFA C as the product between a DFA for words looping on r in Bv,
and the concatenation of A and B. Now the words accepted by C correspond precisely to
witnesses of non-saturation of W.

Filtering out choices for the variables that cannot satisfy (1) is easy and can be done in
time nk by testing if the DFA for words looping on u accepts some x that reaches p in Bu.
Similarly, property (5) can easily be checked. The DFAs A and B have at most k2 states, so
|C| ≤ k5. As we iterate over n choices for u and at most k choices for p, q, r each, the overall
runtime of the algorithm is at most nk8, which is clearly polynomial in n and k. Finally, we
can bound the maximum length of a counterexample for W being saturated by n and the
size of C.

We now show that counterexamples to the saturation of W = (T , B) are indeed of the
claimed form, which concludes the proof. So let (u, x) ∈ X , then every state of Bu, either
loops on some xi or it reaches on some xj a state that loops on xi. Since Bu has at most k

states, it must be that j ≤ k. If we pick e = k!, then xe reaches some state q and xe also
loops on q since every possible (elementary) cycle length is at most |Bu and divides e.

Consider (u, x), (v, y) ∈ X with uxω = vyω. By the previous argument, xe reaches and
loops on some p in Bu, while ye reaches and loops on some r in Bv. We revisit the proof
of Lemma 21 to find a decomposition u = vymy0 and xi = (y1y0)j for m ≥ 0, i, j > 0. Since
xe (ye) reaches and loops on p (r) in Bu (Bv), this holds true for any multiple, so in particular
xe·i (ye·j). For q = δ∗

u(p, y1), we now have the following situation:

Bu : ε p q Bv : ε r
xe·i y1 (y0y1)e·j

(y0y1)e·(j−1)y0

ye·j

ye·j

We now define

x̂ = xe·iy1 = (y1y0)e·jy1 = y1(y0y1)e·j = y1ye·j and
ŷ = ye·jy0 = (y0y1)e·jy0 = y0(y1y0)e·j = y0xe·i.

Our goal is now to show that (u, x) ≡X
W (u, x̂ŷ) and (v, y) ≡X

W (uy1, ŷx̂), which means an
algorithm testing for saturation only has to consider witnesses of this kind. By simple
rearrangements, we obtain the following equalities.

u · x̂ · ŷ = u · y1ye·j · y0xe·(i−1) uy1 · ŷ · x̂ = uy1 · (y0y1)e·(j−1)y0 · (y1y0)e·jy1

= u · y1(y0y1)e·jy0(y1y0)e·(j−1) = uy1 · (y0y1)e·j−1+e·j+1

= u · (y1y0)e·j+1+e·j−1 = uy1 · y2e·j

= u · (y1y0)2·e·j

= u · x2e·i

Since (u, x) ∈ X , we obtain by (2) of Lemma 20 that also (u, x̂ŷ) = (u, x2e·i) ∈ X . Similarly,
it follows from (2) and (3) of the same Lemma that (uy1, ŷx̂) = (uy1, y2e·j) ∈ X . Moreover,
since exponentiation of the loop naturally preserves acceptance in an FDWA, we obtain
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the desired ≡X
F -equivalences. Finally, note that (1) of Lemma 20 guarantees that we may

assume |u| ≤ n as we could replace it with a shorter word reaching the same state in T . ◀

A.1 Full proofs of Section 3.2

Formally, an active learner gets two functions as input, an L-membership oracle and an
L-equivalence oracle for a target language L ∈ L. For a regular language L, an L-membership
oracle is a function mem : Σ∗ → {0, 1} such that mem(u) = 0 iff u /∈ L. And an L-equivalence
oracle for DFAs is a function eq(A) that takes DFAs as input, and returns ⊤ if L∗(A) = L,
and otherwise returns a counter-example u ∈ Σ∗ such that u ∈ L iff u /∈ L∗(A). Similarly,
for a regular ω-language L, an L-membership oracle is a function mem : UP(Σ) → {0, 1}
such that mem(u, v) = 0 iff uvω /∈ L. An L-equivalence oracle for fully saturated FDFAs is a
function eq(F) that takes fully saturated FDFAs as input, and returns ⊤ if Lω(F) = L, and
otherwise returns a counter-example (u, v) ∈ UP(Σ) such that uvω ∈ L iff uvω /∈ Lω(F).

▶ Theorem 6. There is a polynomial time active learner for the class of regular ω-languages
represented by fully saturated FDFAs.

Proof. Our algorithm uses a polynomial time active learner for DFAs in order to learn a DFA
for the language L$ := {u$v | uvω ∈ L} over the alphabet Σ∪{$} (as mentioned in the related
work, this approach is also used in [17] for building an NBA learner). Any DFA A over Σ∪{$}
can easily be turned into an FDFA FA with Lrep(FA) = {(u, v) ∈ Σ∗ × Σ+ | u$v ∈ L∗(A)}
such that the leading transition system and the progress DFAs of FA all have size at most
|A|: the leading transition system T is the transition system of A restricted to Σ and to the
states reachable without the special letter $. And for each q in T , the progress DFA D(q) is
A with the $-successor of q as initial state and the alphabet restricted to Σ.

Vice versa, any FDFA F can be turned into a DFA AF with L∗(AF ) = {u$v | (u, v) ∈
Lrep(F)} by just taking the disjoint union the leading transition system and the progress
DFAs, and inserting $-transitions from each q of the leading transition system to the initial
state of its progress DFA. This implies that the minimal DFA for L$ is as most as big as the
minimal fully saturated FDFA for L.

We now describe our active learner for fully saturated FDFAs. We have to build an
algorithm that gets as input for some regular ω-language L ⊆ Σω

an L-membership oracle mem(u, v) for ultimately periodic words, and
an L-equivalence oracle eq(F) for fully saturated FDFAs.

Our algorithm runs a polynomial time active learning algorithm for DFAs over the alphabet
Σ ∪ {$}. For this it implements an L$-membership oracle mem$(x) for finite words, and an
L$-equivalence oracle eq$(A) for DFAs as follows:

mem$(x) returns mem(u, v) if x = u$v with u ∈ Σ∗ and v ∈ Σ+, and otherwise mem$(x)
returns 0.
eq$(A) first checks if FA that is constructed as described above, is fully saturated
(Theorem 1).

If FA is not fully saturated, then the algorithm for the full saturation test returns
counter-examples (u1, v1), (u2, v2) with u1vω

1 = u2vω
2 but (u1, v1) ∈ Lrep(FA) and

(u2, v2) /∈ Lrep(FA). Our function eq$(A) returns u1$v1 if mem(u1, v1) = 0, and u2$v2
otherwise.
If FA is fully saturated, then eq$(A) checks if eq(FA) returns ⊤. If yes, eq$(A) also
returns ⊤. Otherwise, eq(FA) has returned some pair (u, v) and eq$(A) returns u$v.
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Note that the equivalence oracle eq$(A) does not care if A accepts any words with no $ or
with more than one $. Such words are filtered out in the construction of FA. From the
definition of the oracles mem$(u) and eq$(A), it follows that these are indeed oracles for
L$, as long as FA does not accept the target language. When the DFA learner terminates
because the last call eq$(A) returned ⊤, then we know that eq(FA) has returned ⊤, so our
FDFA learner can output FA.

It remains to argue that the algorithm runs in time polynomial in the size of the minimal
fully saturated FDFA FL for the ω-language L, and in the length of the longest counter-
example returned by eq(F) during the run of the algorithm.

The running time of the active DFA learner is polynomial in the size of the minimal DFA
AL$ for L$, and in the length of the longest counter-examples returned by eq$(A). From the
translation between DFAs and FDFAs described at the beginning of the proof we get that AL$

has size at most |FL|. The counter-examples returned by eq$(A) are either counter-examples
u$v where (u, v) was a counter-example returned by eq(FA), or counter-examples resulting
from the full saturation check on FA. The latter counter-examples are polynomial in the
size of FA by Theorem 1, and hence polynomial in FL because the DFAs used in eq(A) by
the active DFA learner are polynomial in the size of AL$ . Furthermore, the running time of
eq$(A) is polynomial in A because the full saturation check is polynomial by Theorem 1.

Hence, the execution of the active DFA learner takes time polynomial in FL and in the
length of the longest counter-example returned by eq(F). ◀

▶ Theorem 7. There is a polynomial time passive learner for regular ω-languages represented
by syntactic FDFAs that can infer a syntactic FDFA for each regular ω-language in the limit
from polynomial data.

Proof. The passive learner works as follows:
1. Construct an FDFA F from the given sample S using techniques known from passive

learning of DFAs.
2. Check whether F is a syntactic FDFA that is consistent with S and return F if yes.
3. Otherwise, return a default FDFA that accepts precisely all representations of the

ultimately periodic words in S+.
In Step 2 of this algorithm, checking whether F is consistent with S can be done by simply
running all the examples on F . The test whether F is a syntactic FDFA can then be done
by checking whether F is saturated. We guarantee in step 1 that there is no smaller leading
congruence for the given sample. Hence, if F is saturated and consistent with S, then it is a
syntactic FDFA.

Concerning step 3, constructing a syntactic FDFA for precisely the ultimately periodic
words in S+ is straight-forward, so we do not detail the construction here.

It remains to describe step 1, for which it is in principle known how to do it. For example,
the generic algorithm GleRC from [10] for inferring right-congruences from samples of finite
words can be used for this. To be self-contained, we describe a possible method in the
following, together with an argument that each syntactic FDFA can be learned in the limit
from polynomial data.

Let L ⊆ Σω be a regular ω-language. The leading congruence of the syntactic FDFA for
L is the transition system of the canonical right congruence ∼L over Σ∗, defined by

u ∼L u′ :⇔ (∀w ∈ Σω : uw ∈ L ⇔ u′w ∈ L).

We say that an L-sample ∼L-separates two words u, u′ ∈ Σ∗ if the sample contains examples
(uv, x) and (u′v, x) such that uvxω ∈ L iff u′vxω /∈ L.
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Let R∼L
= {u1, . . . , un} be the set of length-lexicographic (llex) least representatives of

the ∼L-classes. Then there is an L-sample S∼L
of size polynomial in the number of classes

of ∼L that contains examples that ∼L-separate all ui, uj with i ̸= j ∈ {1, . . . , n}, and all
uia, uj with uia ̸∼L uj for all i, j ∈ {1, . . . , n} and a ∈ Σ. The following algorithm constructs
the transition system of ∼L for each L-sample S that contains all examples from S∼L

:
Start with R := {ε} and while there exists v ∈ Σ∗ such that v is ∼L-separated by S from
all u ∈ R, add the llex-smallest such u to R.
Use the elements of R as states, and for each u ∈ R and a ∈ Σ, add a a-transition from u

to u′ for the least u′ ∈ R such that ua and u′ are not ∼L-separated by S.
This finishes the construction of the leading transition system. Note that the algorithm
guarantees that there cannot be a smaller leading congruence for the given sample because
all the elements of R are separated by examples.

For each u ∈ R∼L
, the progress DFA is the minimal DFA accepting those x ∈ Σ+ with

u ∼L ux and uxω ∈ L. The transition system of this DFA corresponds to the right-congruence
≈u

L defined by

x ≈u
L y :⇔ x ∼L y and ∀z ∈ Σ∗ : u ∼L uxz ⇒ (u(xz)ω ∈ L ⇔ u(yz)ω ∈ L).

The final states are the classes of those x with u ∼L ux and uxω ∈ L. We use the convention
that uxω /∈ L if x is empty. This corresponds to the initial state of the progress DFAs being
non-accepting.

Now we can proceed in the same way as for ∼L. We say that an L-sample ≈u
L-separates

x, y ∈ Σ∗ if the sample contains examples (u, xz) and (u, yz) such that u(xz)ω ∈ L iff u(yz)ω /∈
L. Let u ∈ R∼L

and let P≈u
L

= {x1, . . . , xm} be the set of the llex-least representatives of
the ≈u

L-classes. Then there is an L-sample S≈u
L

of size polynomial in the number of classes
of ≈u

L that contains examples that ≈u
L-separate all xi, xj with i ̸= j ∈ {1, . . . , m}, and all

xia, xj with xia ̸≈u
L xj for all i, j ∈ {1, . . . , m} and a ∈ Σ. For defining the accepting states

of the progress DFA, S≈u
L

also contains the examples (u, xi) for all i ∈ {1, . . . , m} such that
uxi ∼L u and u(xi)ω ∈ L. Now the progress DFA for u can be inferred by the same type of
algorithm as for the leading transition system:

Start with P := {ε} and while there exists x ∈ Σ∗ such that x is ≈u
L-separated by S from

all x ∈ P , add the llex-smallest such x to P .
Use the elements of P as states, and for each x ∈ P and a ∈ Σ, add a a-transition from x

to y for the least y ∈ P such that xa and y are not ≈u
L-separated by S.

For each state u of the leading transition system, this algorithm infers the progress DFA for
u for each L-sample that contains all examples of S≈u

L
. The characteristic sample for the

syntactic FDFA is obtained by taking S∼L
and all the S≈u

L
. ◀

A.2 Full proofs of Section 3.3
In this section, we provide full proofs for showing that deciding almost saturation is PSPACE-
complete.

▶ Theorem 8. It is PSPACE-complete to decide whether an FDFA is almost saturated.

We show membership in PSPACE first by using standard techniques.

▶ Lemma 27. Deciding whether a given FDFA F = (T , D) is almost saturated is in PSPACE.

Proof. A counterexample to the almost saturation of F is (u, x) ∈ Lnorm(F) such that
(u, xi) /∈ Lnorm(F) for some i > 1. We can nondeterministically guess such a word x =
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a1a2 . . . an letter by letter. If xk = a1 . . . ak is the word guessed so far, we also keep track of
the transformation xk induces on Q, which is a mapping mk : Q → Q such that q 7→ δ∗(q, xi).
As these mappings compose naturally, we can compute them in polynomial space alongside
the guessed word. It is then easy to obtain qi = mi

k(ι) and qj = mj
k(ι), the states reached

by xi
k and xj

k, respectively. Since for each guessed letter, we can easily check whether qj is
accepting while qj is not, PSPACE membership is established. ◀

For PSPACE-hardness, we reduce from the DFA intersection problem. An instance of
this problem is a sequence S = (D1, . . . , Dp) of DFAs, and the goal is to decide whether the
intersection of all Di is non-empty. It is well-known that deciding whether some word is
accepted by all Di is PSPACE-complete [23].

▶ Lemma 28. Deciding if a given FDFA F = (T , D) is almost saturated is PSPACE-hard.

Proof. We give a reduction from the DFA intersection problem, so let S = (D1, . . . , Dp) be
a sequence of DFAs Di = (Σ, Qi, δi, ιi, Fi). In the following, we need that p is prime and
greater than 1. This is always possible since by the Bertrand-Chebyshev theorem, there must
exist some p < p′ < 2p which is prime, and we may simply pad the sequence with universal
DFAs. The padded sequence has a non-empty intersection if and only if the original sequence
has a non-empty intersection since Σ∗ is neutral with regard to intersection. Therefore, we
may assume p to be prime and greater than 1. Let # be a fresh symbol that does not occur
in Σ. Define the extended alphabet Σ# = Σ ∪̇ {#} and consider the language L ⊆ Σ∗

#

L = Σ+
# \

(
# L∗(D1)# L∗(D2)#· · · # L∗(Dp)

)
We now take the FDFA F = (T , A) where T is trivial and loops on all symbols, and A is a
DFA for L of size at most 2 +

∑
i∈{1,...,p} |Di| as explained in the following. We construct A

by using a new initial state ι, a fresh accepting sink state, and chaining the Di as follows.
From ι, we reach the initial state of D1 on # and the accepting sink on all other symbols.
When reading # from a state q of a DFA Di, we go to the new accepting sink if q is not
accepting or i = p, and to the initial state of Di+1 otherwise. A state of A is accepting if it
is not a final state of Dp. This DFA clearly accepts L.

We show that F is almost saturated if and only if S has empty intersection. If S has
non-empty intersection, pick a word u ∈ L∗(D1) ∩ · · · ∩ L∗(Dp) and consider x = #u. As T
is trivial, (ε, xi) is normalized for every i > 0. Since p > 1, x does not reach a final state of
Dp in A and so x ∈ L∗(A). xp on the other hand is not accepted by A as it does reach a
final state of Dp in A. Thus, (ε, x) ∈ Lnorm(F), but (ε, xp) /∈ Lnorm(F), witnessing that F is
not almost saturated.

For the other direction, assume that F is not almost saturated, and let x ∈ Σ+
# be a

witness of this fact, i.e. x ∈ L∗(A) but xi /∈ L∗(A) for some i > 1.
By construction of A, xi is of the form xi = #u1#u2 . . . #um with m · i = p and each

uj ∈ L∗(Dmk+j) for all k ≥ 0 such that mk + j ≤ p. Since i > 1 and p is prime, we get
m = 1, and thus x = #u1 with u1 ∈ L∗(Dj) for all j ∈ {1, . . . , p}. This then entails that S
has non-empty intersection. ◀

B Proofs from Section 4 Regularity

▶ Lemma 9. For every FDWA W = (T , B), the UP-language {uxω | xω is accepted by Bu}
is UP-regular
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Proof. The construction that goes back to [13] and is used in [2] for saturated FDFAs and
in [25] for almost saturated FDFAs builds an NBA that accepts an ω-word if it is of the
form uv1v2v3 · · · such that there is an accepting state p of the progress automaton for u,
such that each vi reaches p and loops on p. This construction yields an NBA that accepts
precisely those ultimately periodic words uvω such that (u, v) is accepted by the FDFA
and v loops on the progress state that it reaches. By the semantics of of FDWAs, uvω is
in the UP-language if vω is accepted by the progress automaton for u. Since this progress
automaton is weak (each SCC is either completely accepting or completely rejecting), this
means that vω eventually loops on an accepting state. So there must be an i such that vi

loops on the accepting progress state that it reaches. This implies that the constructed NBA
contains precisely the UP-words that are in the UP-language of the FDWA, and hence the
UP-language of the FDWA is UP-regular. ◀

▶ Lemma 10. Given an FDFA or FNFA F = (T , N ), we can build a loopshift-stable FNFA
F ′ = (T , N ′) in polynomial time such that F and F ′ define the same UP-language.

Proof. F ′ has to accepts a pair (u, v) if, and only if, there are v1, v2 ∈ Σ∗ with v = v1v2
such that (uv1, v2v1) is accepted by F .

We first observe that T (u) = T (uv) implies T (uv1) = T (uv1v2v1).
We now discuss how to build N ′

q for q = T (u). To build N ′
q, we construct an NFA

that accepts v1v2 if v1, v2 ∈ Σ∗ and there is a state p ∈ NT (uv1) s.t. there is a path in the
nondeterministic transition system of NT (uv1) from an initial state to p when reading v2
and from state p to a final state when reading v1. For this, N ′

q can simply guess the state
q′ = T (uv1) and the state p of Nq′ . For each such pair, we build an automaton N q′,p

q . We
describe N q′,p

q as an ε-automaton for convenience.
N q′,p

q contains a product of T and two copies of Nq′ . The product of T is used to keep
track of which state T is in. So the states of N q′,p

q are of the form (r, s, i) where r is a state
of T , s is a state of Nq′ , and i ∈ {1, 2} determines the copy. Within the two copies we have
the standard transitions of the product. The initial state is (q, p, 1), and the only accepting
state is (q, p, 2). Additionally, there are ε-transitions from states (q′, p′, 1) to (q′, p0, 2) if p′

is an accepting state of Nq′ , and p0 is the initial state of Nq′ .
N ′

q is then simply the disjunction over all N q′,p
q .

If our F ′ accepts (u, v), we can infer from the accepting run a partition of v into v1, v2
with v = v1v2 (the ε-transition is used after reading v1) and an accepting run of F on
(uv1, v2v1). If we have T (u) = T (uv1v2), then an accepting run of F on (uv1, v2v1) provides
an accepting run of F ′ on (u, v). ◀

Proof of Theorem 11 for that (1) is in PSPACE

Proof. The idea is to show that (1) is in PSPACE if (3) is. For case (1), we can first use
Lemma 10, and thus assume w.l.o.g. that F = (T , N ) is loopshift-stable. We can then
observe that T is deterministic and thus defines a labeling of the words interpreted by F ,
where the letters of the word are pairs (q, a) ∈ Q(T ) × Σ =: Π.

We first transform an unlabeled word (u2, v2) ∈ Σ∗ × Σ into a properly labeled word
(u, v) ∈ Π∗ × Π+ such that (u2, v2) is the second projection of (u, v), and for the first
projection (u1, v1) we have that u1 · T (u2) and u1 · v1 · T (u2 · v2) are the runs of T on u1
and u1 · v1, respectively.

We then build an FDFA F ′ = (T ′, N ′) that accepts a pair (u, v) if, and only if, it is properly
labeled and the second projection (u2, v2) ∈ Lnorm(F) (which implies T (u2) = T (u2 · v2)),
and where T ′ is like T , except that it moves to a fresh sink ⊥ when reading a letter (q, a)
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s.t. q is not the state of T ′. N ′
⊥ recognizes the empty language. The UP-language of F ′ is

UP-regular if, and only if, the UP-language of F is UP-regular.
F ′ also defines the same UP-language as F ′′ = (T ′, N ′′), where N ′′

⊥ = N ′
⊥ and all other

automata are replaced by the same automaton N∪ that recognizes the union
⋃

q∈Q(T ) L∗(N ′
q).

If Tε denotes the trivial TS, then the UP-language of F ′′ is UP-regular if, and only if,
the UP-language of (Tε, N ′′) is UP-regular.

◀

▶ Lemma 12. Let F = (T , N ) be a loopshift-stable FNFA with trivial TS T ; let P = L∗(N )
and let L = Σ∗ · ω-Pow(P ). Then the following claims are equivalent: (1) ≈P has finite
index; and (2) the UP-language L of F is UP-regular.

Proof. If L is UP-regular, then ≈P is of finite index by [5] since ≈P is the syntactic
congruence introduced in [5] in the prefix-independent case. The other direction can be
shown by using [2, Theorem 5.7] (which itself is based on [13, Lemma 5]): If ≈P is of finite
index, then we can build an FDFA (T , D) with trivial leading transition system and progress
DFA that corresponds to the (finite) transition system defined by ≈P , with a state being
accepting if it corresponds to the class of a word x with xω ∈ ω-Pow(P ). Then F accepts a
pair (u, x) iff uxω ∈ L, and hence it is saturated. By [2, Theorem 5.7] there is an NBA that
accepts a language L′ such that UP(Σ) ∩ L′ = L. Hence L is UP-regular. ◀

▶ Lemma 13. If the NFA N accepts a loopshift-stable language P , then ≈N (and thus ≈P )
have finite index if, and only if, Ter (P ) has finitely many roots.

Before turning to the full proof of Lemma 13, we introduce a useful lemma for constructing
roots in general and for constructing rejecting roots in particular.

▶ Lemma 29. If x, y are different words of equal length ℓ = |x| = |y| and p > 2ℓ is a prime
number, then x · yp−1 is a root.

Moreover, if τ is a rejecting transition profile and both τN (x) and τN (y) are powers of
τ , then τN (x · yp−1) is rejecting and x · yp−1 /∈ ω-Pow(P ).

Proof. The length of w = x · yp−1 is ℓ · p, and p is not a divisor of ℓ (as p > ℓ holds).
Assume for contradiction that u is a shorter root of length r = |u| < ℓ · p of w. We first

consider the case that r is relative prime to p. Then r divides ℓ, and we have that uℓ/r = x

due to the first ℓ/r repetitions of u, and uℓ/r = y due to the second ℓ/r repetitions of u,
contradicting with the fact that x ̸= y.

We now look at the case that p divides r < p · ℓ. But then the first ℓ letters of w are x and
equal to wr+1, . . . , wr+ℓ, while the second ℓ letters of w are y and equal to wr+ℓ+1, . . . , wr+2ℓ,
while the latter is equal to wr+1, . . . , wr+ℓ.

We thus get x = y, leading to contradiction. This provides that w is a root.
For the second claim, if τN (x) and τN (y) are the j-th and k-th power of τ , respectively,

then τN (w) is the (j+(p−1)k)-th power of τ , and as such rejecting. Moreover, wω /∈ ω-Pow(P )
as τN (w) is rejecting and w a root. ◀

With this lemma in place, we now turn to the proof of Lemma 13

Proof of Lemma 13. We have defined Ter (P ) such that xω ∈ ω-Pow(P ) if τN (x) is accepting
or xω = uω holds for some root u of a word in Ter (P ).

We thus have x ≈N y if τN (x) = τN (y) holds and, for all z ∈ Σ∗, τN (xz) is accepting
or there is a root u ∈ Ter (P ) such that (xz)ω = uω iff there is a root v ∈ Ter (P ) such that
(yz)ω = vω.
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If the set of roots in Ter (P ) is finite, then this is a regular property; consequently, ≈N
(and thus ≈P ) have finite index.

We now show that, if Ter (P ) contains infinitely many roots, then, for any natural number
n, the index of ≈N is at least n—and thus that ≈N has infinite index.

For such an n, we pick n different roots u1, . . . , un ∈ Ter (P ) that define the same
transition profile τ ′.

Let v1, . . . , vn be powers of u1, . . . , un such that |v1| = . . . = |vn|; e.g., this length could
be the smallest common multiplier of the lengths of u1, . . . , un.

Let i be a rejecting power of τ ′ and τ the i-th power of τ ′ and thus rejecting, Let ℓ = i · |v1|
and p > 2ℓ a prime number. We now have that, for all j, k ≤ n, vj

ivk
i(p−1) = (vi

j) · (vi
k)p−1

is in ω-Pow(P ) if j = k (because its root uj has an accepting transition profile), but it is
rejecting for j ̸= k by Lemma 29. ◀

▶ Lemma 14. Let P = L∗(N ). There is a good witness τg if, and only if, Ter (P ) has
infinitely many roots.

We first provide an alternative definition for a good witness and show that it is equivalent.

1. there are infinitely many words x that visit τg first, or
2a. there are two different words x ̸= y that visit τg first and there is a word u that recurs on

τg, or
2b. there is a word x that visits τg first and there are two different words u ≠ v that recur on

τg, or
2c. there is exactly one a word x that visits τg first and exactly one word u that recurs on τg,

and they have different roots.

▶ Lemma 30. The alternative definition is equivalent to the definition in the paper.

Proof. The first case is the same, so it is enough to show that the second case from the
definition, “2. there is a word x that visits τg first and a word u that recurs on τg that have
different roots” is equivalent to “(2a) or (2b) or (2c)”.

“⇒” is trivial.
“⇐:” (2c) implies (2), as (2c) is a special case of (2). (2b) implies (2) as u, v are different

and recur, so they have different roots. They therefore cannot both have the same root as x.
Similarly, (2a) implies (2) as x, y are different and visit τg first, so they have different roots.
They therefore cannot both have the same root as u. ◀

We use the new definition in the long version of the proof.
We split the proof into the following two lemmas.
We first show that, if Ter (P ) contains infinitely many roots, then every NFA N with

P = L∗(N ) has a good witness τg.

▶ Lemma 31. If Ter (P ) has finitely many roots, then there is a good witnesses τg.

Proof. Assume that Ter (P ) has infinitely many roots. Then, as in the proof of Lemma 13,
we choose τg as a transition profile that has infinitely many roots u in Ter (P ) such that
τN (u) = τg. We show that τg is a good witness. Since there are infinitely many roots u in
Ter (P ) such that τN (u) = τg, we can conclude that there are either infinitely many words
that visit τg first, or there is at least one word that visits τg first and infinitely many words
loop on τg.

So the only possibility for τg not to be a good witness, would be that there is exactly one
word x that visits τg first and exactly one word u that recurs on τg. Then all words v with
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τN (v) = τg are of the form xuj for j ≥ 0. Since there are infinitely many roots in τg, we get
that infinitely many of the xuj are roots. Hence, x and u cannot have the same root. So we
are in case (2c), and τg is indeed a good witness. ◀

We close by showing that, if there is a good witness, then Ter (P ) has infinitely many
roots.

▶ Lemma 32. If there is a good witness τg, then Ter P has infinitely many roots.

Proof. Let τg be good witness.
We first consider case (1), where we have infinitely many words that visit τg first. As they

visit τg first, neither is a prefix of the other, and they must therefore have pairwise different
roots. As a root of a word with a terminal transition profile has a terminal transition profile,
this provides us with infinitely many roots in Ter P .

We continue with case (2) that x visits τg first, u recurs on τg, and they do not have a
joint root, so that xω ̸= uω holds.

We now set x1 = x and inductively construct:
kj as the first position where xj

ω differs from uω,
ℓk =

⌈
kj/|u|

⌉
as a number chosen, such that

∣∣uℓj
∣∣ ≥ kj , and

xj+1 = xj · uℓj .
To see that xj

ω differs from uω, we note that, for all j ≥ 1, xj = x · ui holds for some i ≥ 0,
so that xj

ω = uω would imply xω = uω (contradiction).
Note that xj+1 is defined such that xj

ω differs from xj+1
ω at position |xj | + kj , and thus

within the first iteration of xj+1.
We now have that all xi have the good transition profile τg, and that they have pairwise

different roots. Using again that the root of a word with a terminal transition profile has a
terminal transition profile, this provides us with infinitely many roots in Ter P . ◀

▶ Lemma 15. For a given NFA N , we can check if there is a good witness in PSPACE.

Proof. Let N have n states.
We first, check whether τg is a terminal. To this end, we first need to be able check

whether or not a transition profile τ is accepting. But this is the case if, and only if, τ i maps
an initial state to a final state for some i (which is indeed the case if, and only if, it holds for
some i ≤ n). Testing this can be done in time polynomial in n (and in NL).

Being able to check whether or not a transition profile is accepting, we can guess a good
transition profile τg.

For τg, we then build the NFA N ′ with the same states, initial states, and final states as
N over a one letter alphabet Σ′ = {u}, where δN ′(q, u) 7→ τg(q). We now build the transition
system TN ′ of size exponential in n, whose state space is the transition profiles of N ′, and
where TN ′(x) is the transition profile that maps each letter q to δ(q, x).

After reading ui, TN ′ is in the state that represents the i-th power of τg.
Thus, we can check in NL in the size of TN ′ , and thus is SPACE in polynomial in n,

whether TN ′ can reach a rejecting transition profile.
For the properties of the four cases (1) through (2c), we trace a transition system TN of

size exponential in N , whose state space is again the transition profiles of N , but this time
defined based on N : TN (x) is the transition profile that maps each letter q to δ(q, x).

While TN is exponential in the size of N , its states (the transition profiles of N ) and
transitions are succinctly represented by N .

Checking cases (1) through (2c) can again be done by variations of reachability problems
in TN , and all of them are in NL.
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Recall that we have guessed τg before checking that it is terminating.
It is straight forward to check in space logarithmic in TN (and thus polynomial in n)

whether τg is reachable first by some word.
Likewise, we can check if it is reachable first by two different words. For this, we simply

traverse two copies concurrently for two potentially different words. We reject immediately
if they reach τg before they have seen a different letter and otherwise accept when τg has
been reached by both copies (not necessarily at the same time).

Finally, we can check if τg is reachable in TN while reaching some transition profile τ

(which we can guess) at least twice before reaching τg. If this is the case, then there are
infinitely many words; if not, then there cannot be a word that reach τg first, which is longer
than the number of transition profiles (as all longer words must visit some transition profile
twice), which means that there are only finitely many.

To check if at least one (resp. two) words recur, we can use the same procedure as for
checking if at least one (resp. two) words visit τg first, but changing the initial state from
the identity to τg.

The results of these tests will tell us if we are in case (1), (2a), or (2b). If neither is the
case, they will also tell us if there is exactly one word x that visits τg first and exactly one
word u that recurs on τg.

If x and u share a root r, then we can guess in PSPACE a transition profile τ such that
(a) τg is equal to two different powers of τ , and (b) that there is a word w with TN (w) = τ .

(b) is a standard reachability problem for TN (and thus again in space polynomial in n),
while (a) can be done in a transition system TN ′′ over the one letter alphabet, where N ′′ is
built from τ like N ′ was built from τ ′. For TN ′′ we then check if τg is visited twice.

If both is the case, then each such word w is root of both u and x, and vice versa, if u

and x have a joint root r, then τ = TN (r) satisfies both (a) and (b). Thus, we can also check
if we are in case (2c). ◀

C Details on Succinctness Results from Section 5

▶ Lemma 17. For each n > 0, there is a language Ln that can be recognized by a saturated
FDWA of size (1, n + 2), and by an almost saturated FDFA of size (1, n + 2), but for every
saturated FDFA of size (1, m) that recognizes Ln, we have that m ≥ nn.

Proof. We fix the alphabets Σ = {σ, τ, γ} and Σ# = Σ ∪ {#}. For a fixed n, each letter
a ∈ Σ corresponds to a function fa : {1, . . . , n} → {1, . . . , n}. Specifically, we set

fσ(i) =
{

i + 1 if i < n

1 otherwise
fτ (i) =

{
3 − i if i ∈ {1, 2}
i otherwise

fγ(i) =
{

1 if i ∈ {1, 2}
i otherwise

which means σ corresponds to a rotation of the numbers, τ transposes the first and second
numbers, and γ maps the first two numbers to the same number. We extend the definition
of f to words through function composition, i.e. fa1...ak

= fa1 ◦ . . . ◦ fak
.

The language family we now choose ensures that the progress DFA of any saturated
FDFA for Ln must contain a state for each mapping f : {1, . . . , n} → {1, . . . , n}. At the
same time, we would like Ln to be recognized by a saturated FDWA with (1, n + 2) states.
For this, we use

Ln = {w ∈ Σω
# | w contains infinitely many infixes #u# such that fu(1) = 1}

consisting of all words where infinitely often between two # a function is encoded that sends
1 to 1. Clearly, Ln is a prefix-independent language, so the leading TS has a state with
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self-loops over each letter in Σ#. We first show that it is possible to recognize Ln through a
saturated FDWA with (1, n + 2) states. Intuitively, the progress automaton of FDWA Wn

ε

1
2 3 . . . n

⊤

Σ

#
γ τ, σ

#

τ, γ

σ

τ, γ

σ σ

τ, γ

σ

Σ#

Figure 2 The progress automaton of FDWA Pn constructed in the proof of Lemma 17. It accepts
the language Ln with n + 2 states by keeping track of the number that 1 is mapped to. The state ⊤
is an accepting sink.

depicted in Figure 2 recognizes Ln by keeping track the number that 1 is mapped to.
The progress DFA of a saturated FDFA for Ln on the other hand has to memorize the

specific mapping encoded by the sequence of Σ-symbols since the last #. To see this, assume
that F = (T , D) is a saturated FDFA for Ln with strictly less than nn states. This means
that there exist two functions f, g : {1, . . . , n} → {1, . . . , n} which are not equal, but some
words xf , xg ∈ Σ∗ encoding them reach the same state in D. Let k ≤ n be the least integer
satisfying f(k) ̸= g(k) which is guaranteed to exist since f ̸= g.

We set i = f(k), j = g(k) and consider the words wf = xf σn+1−i#σk−1 and wg =
xgσn+1−i#σk−1. Since fσk−1xf σn+1−i(1) = 1, D must accept σk−1xf σn+1−i#. Because F is
saturated and thus by Lemma 21 loopshift-stable, we know that D must also accept wf . But
as xf and xg reach the same state, it must be that D also accepts wg. This contradicts the
assumption that D is saturated because wg is a rotation of σk−1xgσn+1−i# and the mapping
coded by σk−1xgσn+1−i sends 1 to some number other than 1 since xg codes a function with
g(k) = j and i ̸= j.

Overall, we see that for each function f : {1, . . . , n} → {1, . . . , n}, the progress DFA Dε

of a saturated FDFA for Ln must contain at least one state. As there are nn such functions,
the lower bound on the size of a saturated FDFA for Ln follows. ◀

We now provide a proof for Lemma 18, which establishes that almost saturated FDFAs
and saturated FDWAs are, in general, incomparable in size. For the purpose of readability,
we include the full statement below.

▶ Lemma 18. For all n > 0, there are languages Ln and L′
n such that

1. Ln is accepted by a saturated FDWA of size (1, 2n + 1), while for every almost saturated
FDFA for Ln with trivial leading TS has a progress automaton of size 2 n

2

2. L′
n can be recognized by an almost saturated FDFA of size (1, n + 3), and by an FDWA

of size (1, n + 3), but every saturated FDWA with trivial leading TS has at least 2n states
3. in every almost saturated FDFA with trivial leading TS that accepts the complement of

L′
n, the progress automaton has at least 2n

2n states.
In the following, we show two auxiliary statements that are then combined to establish

the lemma.

▶ Lemma 33. Let n > 0 and consider the language Ln of words over Σn = 2{1,...,2n} \ {∅}
such that a word w belongs to Ln if some i ∈ {1, . . . , 2n} appears only finitely often in the
letters of w. Ln is recognized by a saturated FDWA of size (1, 2n + 1), but every almost
saturated FDFA for Ln with a trivial leading transition system has a progress automaton
with at least 2 n

2 states.
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Proof. We begin by showing that Ln can be recognized by a saturated FDWA of size
(1, 2n + 1). Clearly, Ln is prefix-independent, so we can just use a trivial TS T in the FDWA.
Now we describe the progress automaton D. For 1 ≤ i ≤ k, we define

Gi = {A ⊆ {1, . . . , 2n} | i /∈ A} Bi = {A ⊆ {1, . . . , 2n} | i ∈ A}.

The progress automaton of an FDWA for Ln can use one state for every i, ordered in a chain
as follows:

ε 1 2 . . . 2n − 1 ⊥

G1

B1

G2

B2

G3

B3 B2n−1

G2n

B2n
Σn

A periodic word uω will reach ⊥ precisely if every number in {1, . . . , 2n} appears. Here,
except the state ⊥, every state is accepting. Since this property is naturally invariant under
rotations of u, the given FDWA is saturated.

For the other direction, let F = (T , D) be a an almost saturated FDFA where T has only
one state. To prove our lower bound, we first show an auxiliary claim. Consider two sets
X, Y ⊆ {1, . . . , 2n} such that X ̸= Y and |X| = |Y | = n. We write X̄ and Ȳ denote their
complement, i.e., {1, . . . , 2n} \ X and {1, . . . , 2n} \ Y , respectively. We claim that if X and
Y lead to the same state in D, then X̄ and Ȳ do not lead to the same state. Assume to the
contrary that D(X) = D(Y ) = q and D(X̄) = D(Ȳ ) = p. Since (XX̄u)ω and (Y Ȳ u)ω are
not in Ln for every u ∈ Σ∗

n, we get that X̄ and Ȳ lead to a rejecting sink from q. Similarly,
X and Y must lead to a rejecting sink from p. But then D reaches a rejecting sink on
both XȲ and Ȳ X. This is a contradiction because |X| = |Y | = n and X ̸= Y implies
X ∪ Ȳ ̸= {1, . . . , 2n}, and therefore (XȲ )ω ∈ Ln.

The number of sets X ⊆ {1, . . . , 2n} of size n is
(2n

n

)
≥ 2n. So in a deterministic transition

system of size k, at least 2n

k distinct sets of size n will reach the same state q. By applying
the auxiliary claim, all their complements need to reach pairwise different states, which
implies the following inequalities on the number of states

k ≥ 2n

k
⇐⇒ k2 ≥ 2n ⇐⇒ k ≥ 2 n

2

giving us the claimed lower bound. ◀

▶ Lemma 34. Let n > 0 and consider the language L′
n over the alphabet {0, 1} consisting

of all words w with infinitely many occurrences of an infix 0u0 for some |u| ≤ n. L′
n is

recognized by an almost saturated FDFA of size (1, n + 3), and by an FDWA of the same
size. Every saturated FDWA with trivial leading transition system for the complement of L′

n

has a progress automaton with at least 2n states, and every almost saturated FDFA for L′
n

with trivial leading transition system has a progress DFA with at least 2n

2n states.

Proof. Consider the family of languages where infinitely often two zeroes appear precisely n

positions apart, which is formally defined as

L′
n = {w ∈ Σω | w has infinitely many infixes 0u0 for u ∈ Σn−1}.

An almost saturated FDFA F ′ for L′
n can use a trivial leading transition system and “guess”

the start of an infix 0u0 for some |u| = n − 1 on the looping part. It needs a progress DFA
with n+3 to verify that the zeroes indeed are n−1 symbols apart. We illustrate this progress
automaton in Figure 3. When viewed as an FDWA, F ′ accepts the same language.
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ε 1 2 . . . n

⊤

⊥

0

1

0, 1 0, 1 0, 1
0

1 0, 1

0, 1

Figure 3 Illustration of the progress automaton (the leading TS is trivial) for the almost saturated
FDFA/FDWA constructed in Lemma 34.

For the second claim, we consider the complement of L′
n, which we denote L′

n. A word
belongs to L′

n if it contains finitely many infixes 0u0 for some |u| = n − 1.
Assume that W = (T , B) is a saturated FDWA with a trivial leading transition system,

and that W recognizes L′
n. We show that every word u ∈ Σn must lead to a different state

in B, which gives the desired lower bound on the size as |Σn| = 2n. For a word u = a1 . . . an,
we use ũ to denote the word (1 − a1)(1 − a2) . . . (1 − an) where the bit in every position is
flipped. Consider the sequence q0 = ι, qi+1 = δ∗(qi, uũ), i.e. qi is the state reached on (uũ)i.
Then there must be i < j ≤ n such that qi = qj . We use qu to refer to the first state that is
repeated at some later position in the sequence, meaning qu is reached by infinitely many
powers of uũ.

Assume that for u ̸= v of length n we have that qu = qv =: p. Pick r > 0 to be minimal
with the property that (uũ)r reaches qu, and let k, l > 0 be such that both (uũ)k and
(vṽ)l loop on p, that is, δ∗(p, (uũ)k) = δ∗(p, (vṽ)l) = p. Let m be such that r + m is a
multiple of k and consider the word x = (uũ)r(vṽ)l(uũ)m. Note, that xω can be written
as (uũ)k

(
(vṽ)l(uũ)m+r

)ω. Thus, xω reaches qu and takes the cycles around qu induced by
(uũ)k and (vṽ)l infinitely often. Therefore, since both (uũ)ω and (vṽ)ω accepted by B, also
xω is accepted by B.

Clearly, xω contains infinitely many infixes ũv and ṽu. Because u ̸= v, there exists a
position i ≤ n such that ui ̸= vi = 1 − ui. By definition, we have ũi = vi and ṽi = ui.
Now if ũi = 0, then ũv contains an infix 0x0 for |x| = n starting at position i. Otherwise,
ṽi = ui = 0 and we find such an infix in ṽu. Hence, xω /∈ L′

n but B accepts xω, which is
a contradiction. So overall, we have shown that in B, there must exist at least |Σn| = 2n

distinct states and the claim is established.
We can use a similar proof technique to show an exponential lower bound on the size of

an almost saturated FDFA. Note, however, that in this case not every (uũ)ω for u ∈ Σ∗ has
to be accepted. Indeed, an almost saturated FDFA may only accept the ω-power of one of
the 2n rotations of uũ. Overall, this gives a slightly lower but still exponential bound on the
number of distinct states. ◀

We can now combine the preceding lemmas to obtain the proof of Lemma 18. The first
claim is established by Lemma 33. The third claim immediately follows from Lemma 34.
For the second claim, we observe that saturated FDWA can be complemented in place by
swapping accepting and rejecting states. This implies that a saturated FDWA for L′

n with
trivial leading TS also needs a progress automaton of size 2n, and the claim is established.

In the following, we give a full proof of Lemma 19. The families of languages that we
use for both claimed bounds, make use of the alphabet Σ→ from Lemma 17 for encoding
mappings from {1, . . . , n} to {1, . . . , n}. For a word ui, we write mui

for the mapping that
it defines.

▶ Lemma 19. For all n > 0 there are languages Ln, L′
n such that

1. Ln is recognized by a saturated FDFA of size (n, 2n), but the syntactic FDFA for Ln is
of size (1, nn), and
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2. the syntactic FDFA for L′
n is of size (n + 1, 2n + 1) and every fully saturated FDFA for

L′
n has a progress DFA of size at least nn.

Proof. For the first claim, we consider words of the form u0#u1# . . . over Σ→∪̇{#} where
# is a fresh symbol. Such a word is in Ln, if 1 is a fixpoint for infinitely many ui, which
means mui(1) = 1 for infinitely many i. We obtain a small saturated FDFA (T , D) of size
(n, 2n) for Ln as follows. In the leading transition system T , we track the number that 1
is sent to under the mapping encoded by the word read since the last #. This is clearly
possible with n states, which we refer to as 1, . . . , n, and leads to n progress automata. The
progress automaton Di accepts precisely the words x#y such that mx(i) = 1 and my(1) = i.
Clearly, this can be done on the disjoint union of two copies of T , by first ensuring that i is
sent to 1, switching to a second copy on #, and subsequently checking that 1 is mapped to i.

The syntactic FDFA on the other hand has a trivial leading transition system, since
membership in Ln depends only on the infinite suffix. The syntactic FDFA, the progress
automaton for u uses the syntactic progress congruence ≈L

u as transition system, where
x ≈L

u y if for all z with uxz ∼L u holds that u(xz)ω ∈ L iff u(yz)ω ∈ L. Now consider two
words x, y such that mx ̸= my. We can find a word w such that 1 is a fixpoint of mw ◦ mx

but not of mw ◦ my. This shows that x and y must lead to different states in the progress
automaton of the syntactic FDFA and since there are nn mappings from {1, . . . , n} to itself,
the bound is established.

Towards the second claim, the idea is to modify Ln in a way that blows up the leading
transition system, which makes it easier for the individual progress automata. We introduce
an additional letter ♯ and separate words to force the leading transition system to keep track
of which symbol was last seen. To do this, we define L′

n to be the union of Ln with the set
of all words that contain an infix #uix where x contains no # and mi(1) occurrences of ♯.
This means that now two words ending in suffixes x, y ∈ (Σ→)∗ with mx(1) < my(1) can
be separated by ♯mx(i). Thus, the leading transition system of the syntactic FDFA for L′

n

has n + 1 states, one for the numbers 1, . . . , n, and a sink state. The progress DFA for the
sink is universal, while the one for i behaves just as the progress DFA for i in the saturated
FDFA from the first claim does. Thus, the size of the syntactic FDFA for L′

n is (n + 1, 2n).
In contrast to this, a fully saturated FDFA for L′ cannot simply ignore words if they do

not loop on a state, and it has to correctly classify all possible loops. By applying a similar
argument to before, we can show that any two words x, y encoding mappings that differ
in the image of 1 must be separated in the progress automaton for ε in a fully saturated
FDFA for L′

n. Thus, in any such FDFA for L′
n there must be a progress DFA with at least

nn states. ◀

D FDWA and FDFA with duo-normalized acceptance are the same

As mentioned in the related work of Section 1, we can show that FDFAs with duo-normalized
acceptance and FDWAs are basically the same model by showing that they can be translated
into each other by just rewriting the acceptance condition and keeping the transition structure.

Let F = (T , D) be an FDFA. With a normalized acceptance condition, the FDFA F only
cares about whether normalized representations (u, x) ∈ Σ∗ × Σ+ such that T (u) = T (ux)
are accepted or not. That is, an FDFA with a normalized acceptance condition accepts (u, x)
if (u, x) is a normalized representation and x ∈ L∗(Du). Further, a normalized representation
(u, x) is said to be duo-normalized if Du(x) = Du(x · x) [19]. Similarly, an FDFA with a duo-
normalized acceptance condition accepts (u, x) if (u, x) is a duo-normalized representation
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and x ∈ L∗(Du). And it is saturated if for each ultimately periodic word, it accepts all
duo-normalized representations of that word or none.

The translation from FDWA to FDFA with duo-normalized acceptance is immediate.

▶ Lemma 35. Each saturated FDWA for L also defines L and is saturated when interpreted
as FDFA with duo-normalized acceptance.

Proof. Let u ∈ Σ∗ and v ∈ Σ+ such that v loops on the leading state reached by u, and
on the progress state p reached by v. Then then by definition of the semantics of FDWA,
uvω ∈ L iff p is accepting. ◀

For the translation into the other direction, we need the following lemma, which summa-
rizes properties of what is called the precise family of weak priority mappings for a regular
ω-language L from [10]. The proof that we provide for the lemma mainly explains where to
find the corresponding properties in [10].

▶ Lemma 36 ([10]). For each regular ω-language L, there is a number k ∈ N and a function
π : Σ∗ × Σ+ → {0, . . . , k} such that
1. For all u, u′, ∈ Σ∗ with u ∼L u′, and all v ∈ Σ+: π(u, v) = π(u′, v).
2. For all u, x, v, y ∈ Σ∗, and all v ∈ Σ+: π(u, xvy) ≤ π(ux, v)
3. There is n ∈ N such that for all u ∈ Σ∗, v ∈ Σ+ and m ≥ n: π(u, vm) is even iff uvω ∈ L.

Proof. In Definition 3.5 of [10], for L and a right-congruence ∼ that refines ∼L, a family
of priority mappings π∼

c : Σ+ → {0, . . . , k − 1} is defined for each class c of ∼, where k is
minimal such that L can be accepted by a deterministic parity automaton with priorities in
{0, . . . , k − 1}. For u ∈ Σ∗ let us write π∼

u for π∼
c where c is the ∼L-class c of u.

We choose ∼:=∼L and define π(u, v) := π∼
u (v).

Then the first property is immediate by definition. The second property is a combination
of the properties weak and monotonic: Let u, x, v, y ∈ Σ∗ and v ∈ Σ+. Each π∼

c is weak
(see comment before Definition 3.5 of [10]), which means that π∼

u (xvy) ≤ π∼
u (xv). And the

family of the π∼
x is monotonic (Definition 3.11 and Lemma 3.12 of [10]), which means that

π∼
u (xv) ≤ π∼

ux(v). Together we obtain π(u, xvy) ≤ π(ux, v).
By Lemma 3.8 of [10], the family of the π∼

c captures the periodic part of L, which means
that the least priority that appears infinitely often among the π∼

u (x) for x a prefix of vω is
even iff uvω ∈ L. Since πu is weak, this means that there is some n ∈ N such that all πu(vm)
for m ≥ n are even if uvω ∈ L, and all πu(vm) are odd if uvω ̸∈ L. That the n can be chosen
independently of u, v follows from the fact that each πu can be computed by a finite state
Mealy machine [10, Theorem 3.6]. ◀

▶ Lemma 37. Consider a saturated FDFA with duo-normalized acceptance that defines L.
Obtain an FDWA by making those states accepting that are in an SCC of an accepting state
that is reachable by a duo-normalized pair. Then this FDWA is saturated and defines L.

Proof. Let u, v be such that v loops on the leading state reached by u. We have to show
that vω is accepted by the progress DWA of u iff uvω ∈ L. Let p be a progress state that is
reached on vj and loops on vj for some j > 0. Then (u, vj) is a duo-normalized pair for uvω.
If uvω ∈ L, then p is accepting in the FDFA and by definition also accepting in the FDWA,
and hence vω is accepted by the progress DWA of u.

If uvω ̸∈ L, then we need to show that the SCC of p does not contain an accepting state q

such that q is reachable by a duo-normalized pair (w, x). Assume the contrary. For obtaining
a contradiction, we choose such problematic examples with minimal π-values for π as in
Lemma 36.
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So let (u, v1), (u, v2) be duo-normalized pairs, such that uvω
1 ∈ L, uvω

2 ̸∈ L, and the states
p1, p2 reached by v1, v2, respectively, in the progress congruence are in the same SCC.

Further choose (u, v1), (u, v2) with these properties such that π(u, v1)+π(u, v2) is minimal
(with π from Lemma 36). Let x, y ∈ Σ+ be such that p1

x−→ p2 and p2
y−→ p1.

Since, by the third property of Lemma 36, π(u, v1) is even and π(u, v2) is odd, we get
that π(u, v1) ̸= π(u, v2).

Consider the case that π(u, v1) < π(u, v2), and define z := v1xvn
2 y with n as in the third

property of Lemma 36. Then (u, z) is a duo-normalized pair that loops on p1, and hence
uzω ∈ L. Further, by the second and first property of π from Lemma 36:

π(u, zn) = π(u, (v1xvn
2 y)n) ≤ π(uv1x, vn

2 ) = π(u, vn
2 ).

By the third property of Lemma 36, we get that π(u, zn) is even, and thus π(u, zn) < π(u, vn
2 ).

This contradicts the choice of (u, v1), (u, v2) with π(u, v1) + π(u, v2) being minimal.
The case π(u, v1) < π(u, v2) uses a symmetric argument with z := v2yvn

1 x. ◀
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