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Abstract. We study the problem of inferring all possible sources and
targets of shortest walks in a weighted directed graph, constrained
by a set of observed edges. We present two efficient polynomial-
time algorithms to solve this problem. The first algorithm applies
to graphs with strictly positive edge weights, while the second, a
more complex algorithm, handles graphs with non-negative weight
cycles, the broadest class of graphs where shortest walks exist. We
demonstrate the effectiveness of the first algorithm by evaluating it
on real-world road networks, achieving consistent performance on
graphs with up to 7.7 million nodes and over 16 million edges. Our
results show that the proposed approach scales efficiently and robustly
across large networks.

1 Introduction

The trajectory prediction problem involves predicting the future po-
sitions of an object based on its past and current GPS coordinates.
This problem has numerous practical applications across various do-
mains (see, e.g. surveys [11, 24]). In urban transportation, trajectory
prediction can help forecast vehicle or pedestrian [25] routes in cities,
enabling improvements in traffic management and navigation systems.
For autonomous vehicles, accurate trajectory prediction allows these
systems to anticipate the movements of nearby vehicles or pedestrians,
see e.g. [11], ensuring safer and more efficient route planning. Finally,
in surveillance and security, predicting an individual’s path can aid
in strategic planning, such as intercepting a suspect by establishing a
blockade along the anticipated route.

Variants of this problem include next Point of Interest (POI) recom-
mendation [18], which focuses on predicting the next location only,
and taxi destination problem [20, 17], that focuses on predicting the
final location instead. Traditionally, all these problems are addressed
using data-driven approaches that assume the existence of a large
dataset of past trajectories (see the related work section below or
[14] for a survey). Moreover, these methods typically operate in a
spatio-temporal continuous state space, although some discretize the
space[34] or use graph-based representations instead [13, 7].

Despite the extensive research using data-centric methods, there is
a notable gap in the algorithmic exploration of trajectory prediction
and its related problems, particularly concerning its computational
complexity. To the best of our knowledge, no prior work has for-
mally analyzed such problems from an algorithmic perspective. We
aim to bridge this gap by investigating several new variants of the
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Figure 1: An example input graph and observation set O = {01,02}

destination prediction problem within a discrete state space modeled
as a directed weighted graph. Graphs are a natural representation in
this context, as they effectively model complex relationships through
nodes and edges[26, 21, 22], making them suitable for urban road
networks where nodes denote locations and edges represent routes
with associated costs, such as distance or travel time[4].

We depart from the traditional data-centric formulation of these
problems and focus on the source and target prediction based on a
partial trajectory under the assumption that the trajectory follows
a shortest route. This assumption is both practical and relevant, as
prior work [13, 7] has shown that adding such a constraint while
predicting trajectory can enhance accuracy. Moreover, this reflects
how many real-world journeys are navigated today: most drivers rely
on GPS-based tools that recommend routes optimized for distance
or travel time. These are either built-in car navigation systems or
mobile applications such as Waze, Google Maps etc. The optimal
routes are either computed statically (based on typical travel times)
or dynamically (based on current traffic congestion). Either way, the
underlying weighted graphs used to calculated these can be obtained
and one can immediately reason about the possible sources or targets
of a route without relying on a large number of previously observed
trajectories. Furthermore our solution is capable to work with a very
limited number of observations (trajectory points) and even when their
temporal order may be unknown. For instance, imagine a situation
where we are looking for a missing person traveling in a car. We may
only know certain locations where the car was spotted, but the exact
order or timestamps of these sightings may be unavailable.

To illustrate these computational problems, consider the example
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in Figure 1. It represents a graph of connections between different
locations and all edges have weight of 1 except the edge ¢ — d that
has weight of 2. This weight can be the physical distance, or current
travel time as given by a car navigation system. In this example, we
only know that the person traveled along edges o1 and o2, but we do
not know the order in which these edges were taken. The goal is to
determine the possible origin and destination of the person’s journey.
Assuming that only walks with the lowest total weight are taken, we
find that the possible origins are S(O) = {b, c}, the possible desti-
nations are 7'(O) = {g, h, k}, and the set of valid origin-destination
pairs of shortest walks is H(O) = {(c, g), (¢, h), (¢, k), (b, g)}, as
shown in the figure. For instance, b can be an origin, because there
exists a shortest walk b — ¢ — d — f — g that passes through
01 and os. Similarly, k£ can be a destination, because there exists a
shortest walk ¢ — d — f — g — k that passes through o; and o02.
Also, a cannot be an origin because any shortest walk starting from a
and visiting f passes through e instead of ¢, because that results in a
lower total weight.

It is important to note that H # S x T', meaning the problem of
computing the origin-destination pairs cannot be reduced to indepen-
dently computing the set of origins and the set of destinations. For
instance, the pair (b, k) is invalid because the shortest walk from b to
k is b — k and it does not traverse either 01 or 02. Similar argument
applies to pair (b, h) as well.

To address these source and target prediction problems, we first
define them formally, and then propose two polynomial-time algo-
rithms to solve them. The first one only works for graphs with positive
weights, which is a natural assumption to make, because distances or
travel times are always positive. Although this algorithm is relatively
simple, it requires careful proof analysis and only computing the short-
est distances that are strictly necessary for it to work efficiently. While
restricting all weights to be positive implies any shortest walk to be a
path (no node is revisited), our second algorithm works for all graphs
with no negative cycles. Note that shortest walks may not even exist
in graphs with negative cycles, because any walk can be made shorter
by repeating such a cycle again. Therefore, the class of graph with no
negative cycles is the most general class for which these problems are
well-defined and can be studied. Finally, we evaluate our approach on
real-world road network datasets containing up to 7.7 million nodes,
demonstrating its scalability and applicability. Our work represents
a significant step toward bridging the gap between data-driven tech-
niques and algorithmic research in trajectory prediction, establishing
a foundation for further advancements in this area.

2 Related work

The trajectory prediction problem and its variants (e.g., POI recom-
mendation and taxi destination prediction) have been extensively
studied in the literature. Works like [33, 12] utilize Recurrent Neural
Networks(RNNs), Long Short-Term Memory(LSTM) to capture tem-
poral patterns in trajectory sequences, while [29] extends this by inte-
grating long and short-term preferences via non-local networks and
geo-dilated RNNs. Recent advances adopt transformer architectures
[2, 31, 16] or meta-learning frameworks [28] to address cold-start sce-
narios. However, these methods primarily focus on continuous spatial
representations and rely on dense training data, diverging from our
graph-structured problem formulation. Notably, [27, 15, 6] explore
uncertainty modeling in trajectory prediction but remain constrained
to probabilistic frameworks rather than algorithmic point of view. Sev-
eral studies model trajectories on graphs to incorporate topological
constraints. [33] first highlights the importance of graph-structured

trajectory modeling using RNNs, while [15] proposes a method for
path failure prediction in time-evolving graphs. Recent works like
[32] employ spatial-temporal graph convolutional networks to capture
neighborhood interactions, [19] introduces graph-LSTM model to
boosts vehicle trajectory prediction by better capturing feature inter-
actions. The closest to our work is [30], which predicts interactive
trajectories via marginal-to-interactive reasoning, but it still operates
within data-driven paradigms without formal complexity analysis. Our
proposed polynomial-time algorithms operate without training data
and overhead, directly solving the inverse problem of reconstructing
possible sources/targets from limited observations. This aligns with
the scalability demonstrated in [10, 3] for POI recommendation but
extends it to worst-case complexity guarantees.

3 Preliminaries

A weighted directed graph G is a triple (V, E, w), where V is a finite
set of nodes, E C V x V is a set of directed edges, and w : E — Ris
a weight function that assigns a weight to each edge in G. Specifically,
an edge is a pair (u,v), where u is the source of this edge and v
its target. For an edge e, let s(e) denote its source, t(e) its target,
and w(e) be its weight. Any sequence of edges p = e1, . .., e, such
that V;<; e; € E and for all ¢ < [ we have t(e;) = s(e;+1) is a
walk in G of length [ that connects its source s(p) o s(e1) with its
target t(p) £ t(e;). We write that e € p, if the walk p uses edge
e at some point, i.e., e = e; for some i < . For two walks p, p/,
such that t(p) = s(p’), let the walk p - p’ be the concatenation of p
with p’. We say that a walk p is consistent with a set of observations
O = {o1,...,0}, if for all i we have 0; € p. On the other hand,
it is consistent with a sequence of observations O = (o1, ..., o0k) if
all o; are used by p and in this particular order, i.e., there exists an
increasing sequence i1, . . ., 1; such that e;; = o; forall j < k.

If e = (u,v) is an edge, then its reverse, denoted e, is an
edge (v, w). Similarly, if G = (V, E) is a graph, then its reverse
is G = (V,E™) where Ef = {e® : e € FE}. Finally, if

O = {o1, ..., 01} is a set of observations then O = {of* ... o},

and if O = (o1,...,0x) is a sequence of observations then O =
R R

(0) 5+ -5 01).

The set of all walks connecting u with v in G will be denoted
by We(u,v). The weight of a walk p = e1,...,e is w(p) =
Yl_jw(ei). A cycle is a walk such that s(p) = t(p). A graph G
is strongly connected if there exists a walk between any two nodes
in G. A graph (V' E’' w') is a sub-graph of (V, E,w) it V' C V,
E'=En (V' xV'),and w' = w|g:. Any graph G can be decom-
posed into strongly connected components, where each component is
a strongly connected sub-graph of G.

Assuming that there are no negative cycles in G, the shortest dis-
tance in G from w to v is Do (u, v) = minycyg (u,v) w(p). If there
is no walk from u to v in G then we stipulate that D¢ (u, v) = oco.
The set of all shortest walks from u to v is denoted by Sg(u,v) =
{p € Wa(u,v) : w(p) = Dg(u,v)}. The set of all shortest walks
starting at u is Sg(u, -) = Uvev Sa(u,v), and shortest walks ter-
minating at v is Sq(+,v) = Uuev Sa(u,v). The set of all shortest
walks is Sq (-, ) = UvevSa(-,v). If p € Sa(+,-) then pis called a
shortest walk (from s(p) to t(p)).

4 Sources and Targets Inference Problem

From now on we fix a graph G, so we can avoid using it in the
subscripts. We now formally define the problems that we study. We
assume that we are given a set of observations O = {o1,...,0r}
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where o, € FE for all ¢ < k and look at the possible sources and
targets of shortest walks consistent with this observation set O. Typi-
cally, we will have k < | E|, meaning the number of observations is
significantly smaller than the number of edges in the graph.

Definition 1 (POSSIBLE SOURCES PROBLEM). Given a set of obser-
vations O = {o1,...,01}, find the set, S(O), of all sources uw € V
for which there exists a shortest walk p € S(u, -) that is consistent
with O.

Definition 2 (POSSIBLE TARGETS PROBLEM). Given a set of obser-
vations O = {o1,...,0}, find the set, T(O), of all targetsv € V
for which there exists a shortest walk p € S(-,v) that is consistent
with O.

Definition 3 (SOURCES-TARGETS PROBLEM). Given a set of ob-
servations O = {o1,...,0r}, find the set, H(O), of all possible
pairs (u, v) for which there exists a shortest walk p € S(u,v) that is
consistent with O.

Note that we assume that we do not know the exact order in which
observations take place. So we merely know that the object was
moving between different points, but not at what time. If the order of
the observations is fully known the problem actually becomes easier.

Now, we start off by establishing some basic well-known facts
about shortest walks that we will use throughout the paper.

Proposition 1. If p = p1 - p2 - p3, where p1 or p3 are possibly empty,
is a shortest walk from s(p) to t(p) then p2 is a shortest walk from
s(p2) to t(p2)-

Proof. Suppose there is a shorter walk p5 from s(p2) to t(p2), then
p1 - py + ps would be a shorter walk from s(p) to ¢(p) contradicting
the optimality of p. O

Proposition 2. If p1 and p2 are two walks such that t(p1) = s(p2)
and D(s(p1),t(p2)) = w(p1) +w(p2) then p1 - p2 is a shortest walk
Sfrom s(p1) to t(p2).

We can already proceed to establish a characterization of the set of
possible targets for a sequence of observations.

Theorem 3. For a sequence of observations O = (o1,...,0x),
we have v € T(O) iff co # D(s(01),v) = S} (w(o:) +
D(t(01), 5(0i+1))) + w(ok) + D(t(ox), v).

Proof. (=) If v is a possible target consistent with a sequence of
observations O = (01, . .., o) that means that there exists a shortest
walk p = po - 01+ p1-02 ... 0k - pi such that t(pr) = v and
each p; is a shortest walk due to Proposition 1. The walk o1 - p1 -
02+ ... 0k - pi also has to be a shortest one from s(o01) to v, and
so its total weight S (w(0;) + w(pi)) + wlok) + w(pk) =
S5 (w(os) 4+ D(t(o1), s(0i41)) + w(on) + D(E(01), v) has to be
the same as D(s(01),v). This of course implies that D(s(01),v) #
0.
(<) Note that Zf;ll(w(oi) + D(t(0:), s(0i+1)) + w(ox) +
D(t(ok),v) # oo implies that D(t(0;), s(0i+1)) # oo for all
1 < k and D(t(or),v) # o0. So there exists a shortest walk, p;,
from t(0;) to s(0i4+1) for all ¢ < k and a shortest walk p;, from
t(ox) to v. Then the walk 01 - p1 - 02 - - 0 + pr 18 consistent
with O and is a shortest walk from s(o01) to v, because its weight,
Zf;l(w(oi) +D(t(0i), s(0i+1)) +w(ox) +D(t(ok), v) is the same
as the smallest possible weight D(s(01), v). O

Note that the above theorem shows how we can easily deal with this
computational problem when the complete ordering of observations
is given. So the biggest challenge is to find the right ordering of
observations. We show in the next section that in the case of positive
weights we can simply order them by their distance to the destination.

5 Positive Weighted Graphs

Every statement in this section assume that w(e) > 0 forevery e € E.
This assumption allows use to establish the following.

Lemma 4. Let p be a shortest walk consistent with a se-
quence of observations O = (o1,...,0r). Then the sequence
(D(t(o1),t(p)), ..., D(t(ok), t(p))) is strictly decreasing.

Proof. Suppose there exists ¢ such that D(t(0;),v) < D(t(0i+1),v).
Since p is consistent with O, it has to have a suffix 0; - p; - 0;4+1 - p’
for some walks p; and p’. This suffix has weight w(o;) + w(p;) +
w(oit1) + w(p’). At the same time, we know that this suffix
has to be a shortest walk from s(o;) to t(p) thanks to Proposi-
tion 1, so this weight is the same as D(¢(0;), t(p)). We also know
that p’ is a shortest walk from #(0;+1) to t(p) thanks to Proposi-
tion 1, so w(p’) = D(t(0i+1),t(p)). Therefore, we would have that
D(t(0i), t(p)) = w(oi) + w(p:) + w(oit1) + D(t(0it1,1(p)); a
contradiction as all weights are positive. O

We now establish the correctness of Algorithm 1 below for com-
puting the set of possible targets.

Theorem 5. Algorithm I solves POSSIBLE-TARGET-PROBLEM for a
positive-weighted G and observation set O.

Proof. (=) Suppose that this algorithm returns v as a possible tar-
get. Let (o1, . .., 0x) be the sequence that we get after sorting O by
D(t(0i),v) in descending order. As v was added to T at line 8, it
means that D(s(01),v) # oo and D(s(01),v) = ¥ (w(0:) +
D(t(0s), s(0i+1)) + w(ox) + D(t(or),v) had to hold. It follows
from Theorem 3 that v € T'(o01,...,0%), so also v € T(O) be-
cause, straight from the definition, any walk that is consistent with a
given sequence of observations is also consistent with the set of these
observations.

(<) Suppose v € T(O), which means that there exists a walk,
p, that terminates at v and is consistent with the set of observations
O. Let (01, ... ,0x) be the order of the observations in O in which
p actually visits them, and so p is consistent with this particular
sequence of observations. Thanks to Lemma 4 we then know that
(D(t(01),v),...,D(t(ok),v)) is strictly decreasing. This means that
this particular order of observations (o1, ..., 0x) will be found by
Algorithm 1 at line 3. Now, p has a prefix, p’, that starts with o1 and is
a shortest walk from s(o01) to t(p") = ¢(p) = v due to Proposition I,
which implies that D(s(01),v) # oo. This prefix p’ has to look as
follows: p' = 01+ p1 <02 - ... 0k - pi for some walks p; that all
have to be shortest due to Proposition 1. As D(s(o1),v) # oo, the
algorithm will proceed to line 7, where the equality will hold because
p' is a shortest walk from s(01) to v, and w(p;) = D(t(0;), s(0i4+1))
forall ¢ < k and w(px) = D(t(ok), v). O

To deal with the problem of computing possible sources, we will
simply show how to reduce it to computing possible targets. First note
the following.

Proposition 6. Walk p is shortest and consistent with observation
set/sequence O in G iff walk p® is shortest and consistent with obser-
vation set/sequence OF in GE.
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Figure 2: Average running time for sources searching (first row) and targets searching (second row). The x-axis is the number of observations.

Algorithm 1: PTP(G, O)

Algorithm 2: PSP(G, O)

Input: A graph G = (V, E,w) such thatw : E — R and a
set of observations O = {o1,...,0r}.
Output: The set of all possible targets 7'(O).
1 T+ 0
2 for each possible target v € V do

3 sort O by D(t(0;),v) in descending order;

4 if D(s(01),v) = oo then

5 ‘ continue;

6 end

7 | iD(s(01),v) = S5 (w(os) + D(t(01), s(0141))

+w(or) + D(t(ox), v) then

8 ‘ addvto T

9 end
10 end
11 return T

Proof. Straight from the definition if p is consistent with observation
set/sequence O then p” is consistent with observation set/sequence
O%, because all edges are reversed and so is the order of observations
in case O is a sequence. Also, pR is a shortest walk in GR, because
for every u,v € V we have Dg(u,v) = Dgr (v, u). O

We now establish the correctness of Algorithm 2 below for com-
puting the set of possible sources that simply reverses the graph and
observations, and then calls Algorithm 1.

Theorem 7. Algorithm 2 solves POSSIBLE-SOURCE-PROBLEM for
a given G and observation set O.

Proof. Note that u € S(O) if and only if there exists a shortest walk,
p, consistent with O that starts at u. Thanks to Proposition 6, the latter
is the same as saying that p™ is a shortest walk in G* consistent with
O™ that terminates at u. So u € S (O) if and only if u € Tzr (O™).
Therefore, Algorithm 2 correctly simply returns the set of possible
targets for G and observation set O, O

Input: A graph G = (V, E,w) such thatw : E — R and a
set of observations O = {o1,...,0r}.
Output: The set of all possible sources S(O).
1 return PTP(G®, OT)

Finally, we deal with the problem of computating the source-target
pairs using Algorithm 3.

Theorem 8. Algorithm 3 solves SOURCE-TARGET-PROBLEM for a
given G and observation set O.

Proof. (=) Suppose that this algorithm returns (u, v) as a possible
source-target pair. That means that v had to be returned at line 2 as
a possible target, and so there exists a walk p consistent with O that
ends at v. Let (o1, ..., ox) be the sequence that we get after sorting
O by D(t(0;),v) in descending order. Note that p has to be consistent
with the sequence of observations (o1, . . ., o). This is because only
this ordering of O makes (D(t(01),v)), ..., D(t(or),v)) strictly de-
creasing, and so any other ordering would be wrong due to Lemma 4.
Sop=po-01-p1-02-...-0k - pir for some shortest walks p;.

We also know that D(u,v) # oo and D(u,v) = D(u,s(01)) +
D(s(01), v) had to hold for (u, v) to be added to H at line 10. Both
of them together imply that D(u, s(01)) # oo and D(s(01),v) # oo.
Let po be any shortest walk from u to s(o1) that has to exists as
D(u,s(01)) # oo. We claim that py - 01 - p1 - 02+ ... - O * Pk
is a shortest walk that starts at v and ends at v and is consistent
with the observation set O, justifying that (u,v) € H(O). This is
simply because 01 - p1 - 02 - ... - 0 - p is a shortest walk, and
so its weight is D(s(01),t(pr)) = D(s(01),v), and then we can
directly apply Proposition 2 as w(py) = D(u, s(o1)) and D(u,v) =
D(u, s(o1)) + D(s(o01),v) holds.

(<) Suppose (u,v) € H(O), which means that there exists a
shortest walk, p, that starts at v and terminates at v and is con-
sistent with the set of observations O. The existence of p clearly
shows that v € T'(O), so Algorithm 3 will find v at line 2 and con-
sider it at line 3. Let (01, ..., 0x) be the order of the observations
in O in which p actually visits them, and so p is consistent with
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this particular sequence of observations. Thanks to Lemma 4 we
know that (D(t(01),v),...,D(t(ok),v)) is strictly decreasing, so
o1 will be identified correctly at line 4. Now p has to look as follows:
p = po-o01-p for some walks po and p’. Due to Proposition 1, pg and
o1-p" are shortest walks, so w(po) = D(s(po), t(po)) = D(u, s(01))
and w(o1 - p') = D(s(o1),t(p")) = D(s(01),v). Finally, we
have w(p) = D(s(p),t(p)) = D(u,v), because p is shortest, and
w(p) = w(po) + w(o1 - p’). This means that equality at line 9 holds
and the pair (u,v) will added to H and later returned by the algo-
rithm. O

Algorithm 3: PHP(G, O)
Input: A graph G = (V, E,w) such thatw : F — R and a
set of observations O = {o1,...,0r}.
Output: The set H(O) of all (source, target) pairs.
1 H « 0
2 T + PTP(G, O);
3 for each target v € T do

4 sort O by D(t(0;),v) in descending order;
5 for each possible source u € V do
6 if D(u,v) = oo then
7 ‘ continue;
8 end
9 if D(u,v) = D(u, s(01)) + D(s(o1),v) then
10 ‘ add (u,v) to H
11 end
12 end
13 end
14 return H

5.1 Computational Complexity

We assume the graph has n nodes, m edges (m > n), and k ob-
servations. Since computing D(u,v) values is the most expensive
operation, it is crucial that we calculate only those that are necessary.
For a given start node u, a single call to Dijkstra’s algorithm computes
D(u,v) for all v € V. Using a Fibonacci heap as the priority queue,
a single run of Dijkstra’s algorithm takes O(m + nlogn) time. It
should be noted that Fibonacci heaps are rarely used in practice due
to large constant factors, and binary heaps are typically preferred
despite their slightly worse theoretical performance. In particular, the
NetworkX library, used in our experiments (Section 7), implements
Dijkstra’s algorithm with a binary heap. With a binary heap, the time
complexity increases to O(mlogn + nlogn) = O(mlogn).

POSSIBLE-TARGET-PROBLEM: Notice that Algorithm 1 only needs
to calculate D(u, -) for u that are either the start or the end of any
observation. This leads to O(k) calls to Dijkstra’s algorithm. We
assume that all these values are computed at the beginning and simply
retrieved later in O(1) time. So all together this pre-computation takes
O(kmlogn) time.

Next, the algorithm need to iterate over O(n) possible targets. This
is because the distance values depend on the specific target, and the
sorted order of observations can vary significantly between different
targets. For each target the algorithm sorts a list of £ values, in time
O(klog k), and does equality checks that require O(k) additions. So
this part costs O(n(klogk + k)) = O(knlog k) time.

Put together that gives O(km logn + knlog k) running time. For
sparse graphs (i.e., m = O(n)) we get that this complexity becomes
O(kn(logn + logk)).

When a graph is a directed acyclic graph (DAG), then we can use
topological sort followed by a single forward pass instead of Dijkstra’s
algorithm. This has complexity O(m), and so the pre-computation of
all relevant D(u, -) takes O(km) time. The rest stays the same, so we
get O(km+ knlog k). For sparse DAGs this reduces to O(kn log k).

POSSIBLE-SOURCE-PROBLEM: The running time is the same as
above apart from one additional step of reversing the graph and the
set of observations at the beginning. That can be done in O(m + k)
time. As this is dominated by the running time of the other steps, the
computational complexity for each graph class is exactly the same as
above.

SOURCE-TARGET-PROBLEM: Here the situation changes, because
we may need to calculate D(u, -) for all w € V. Computation of all of
these costs O(nm logn). The rest of the computation is O(n) times
sorting O (k) values, and O(n?) times equality checking and addi-
tions. All together that gives O (nm log n4+nk+n?) = O(nmlogn).
For sparse graphs this reduces to O(n? logn).

For DAGs we would have O(nm) for the computation of D(u, -)
for all u € V. This leads to O(nm+nk+n?) = O(nm). For sparse
DAGs, this reduces to O(n?).

6 Graphs with No Negative Cycles

In this section, we show how we can deal with these computational
problems for the most general class of graphs in which they are well-
defined, i.e., graphs with no negative cycles. Note that negative costs
can occur naturally, e.g., in the context of financial transition when
an agent earns money by performing certain actions. The central idea
behind this algorithm is the construction of the graph G = (O, E’)
such that (0,0") € E’ iff D(s(0),v) = w(o) + D(t(0),s(0")) +
w(o’) + D(t(o"),v). Notice that this condition is the same as in
Theorem 3 for the existence of a shortest walk that terminates at v and
is consistent with the sequence of two observations (o, 0'). Intuitively,
we will be trying to create a shortest walk that visits each observations
at least once and this graph tells us which observation can follow
which in a shortest walk.

This brings us to establishing an interesting problem of independent
interest: determining whether a directed graph contains a walk that
visits each node at least once (Hamiltonian walk). While related to the
well-known Hamiltonian path problem, which looks for a walk that
visits each node exactly once, the two problems are fundamentally dif-
ferent. The Hamiltonian path problem is a well-known NP-complete
problem, whereas we show Hamiltonian walk to be solvable in linear
time using Algorithm 4. Interestingly, similar graph structural prop-
erties that we prove here were used to prune the search space when
looking for a Hamiltonian path in [8]. This is because non-existence
of a Hamiltonian walk implies non-existence of a Hamiltonian path.

Algorithm 4: ONE-WALK-COVER(G)
Input: A directed graph G = (V, E).
Output: Decide if there exists a walk that visits every node of
G at least once.
1 Decompose G into strongly connected components and
topologically sort them to get (C1,...,C));
2 if every component C; has an edge to C; 11 then
3 ‘ return YES ;
4 else
5 ‘ return NO ;
6 end
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Theorem 9. Given a directed graph G = (V, E), Algorithm 4 checks
in linear time if there exists a single walk that visits each node in G
at least once.

Proof. Suppose that the algorithm returns YES. In this case, we can
create a walk as follows. We start such a walk with an arbitrary
node of the first strongly connected component (SCC) as listed in
the topological order. Then as long as there is a node not visited in
the current SCC, we append a walk that reaches this node from the
current node. As this is an SCC, such a walk has to exist. Once all
the nodes are visited in this SCC, we follow this by a walk to a node
that has an edge that leads to the second SCC in the topical order. We
repeat the process and visit all nodes in the second SCC, moving onto
the third SCC, etc. It is clear to see that, at the end, this walk will visit
all nodes in this graph at least once.

Now, suppose that the algorithm returns NO. In this case, there
exist two SCCs C'1 and C' such that C cannot be reached from C5,
nor C'> can be reached from C';. This means that there exist two nodes
in this graph, v and v, such that there is no walk from u to v nor from
v to u. But then no single walk that visits both u and v at least once
can exist, because that would contract the previous statement.

Graph decomposition into SCCs, topological ordering of a graph,
and checking if each SCC has an edge to the next, according to the
topological ordering, SCC can all be done in O(n + m) time. [

Algorithm 5: NHP(G, O)
Input: A graph G = (V, E, w) with no negative cycles and a
set of observations O = {o1,...,0r}.
Output: The set H(O) of all (source, target) pairs.
1 H«0:T « 0
2 for each possible target v € V do
3 for every observation o € O do

4 if D(s(0),v) = oo or
D(s(0),v) # w(o) + D(t(0),v) then
5 continue;
6 end
7 end
8 | Build the graph G = (O, E') such that (0, 0') € E' iff
D(s(0),v) =

w(o) + D(t(0),s(0")) +w(o") + D(t(0"),v).
9 | if ONE-WALK-COVER(GY) then

10 add v to T

11 Decompose G into SCCs and topologically sort them
to get (C1,...,C1);

12 for each possible source u € V do

13 if D(u,v) = oo then

14 ‘ continue;

15 end

16 for every observation o1 € C1 do

17 if D(u,v) = D(u, s(01)) + D(s(o1),v) then

18 | add (u,v) to H

19 end

20 end

21 end

22 end

23 end

24 return H

We now present Algorithm 5 that computes H (O). If we are only
interested in computing 7°(O) then we can skip lines 11-21. If we are

only interested in S(O), we first reverse the graph G and the set of
observations O (like we did in Section 5) and then skip exactly the
same lines. We now show the correctness of this algorithm, followed
by its computational complexity analysis.

Theorem 10. Algorithm 5 solves SOURCE-TARGET-PROBLEM for a
given G with no negative cycles and observation set O.

Proof. (=) Suppose that this algorithm returns (u, v) as a possible
source-target pair. Let (o01,...,0;) be the sequence of nodes in the
single walk in GS that visits all its nodes. Note that this sequence can
repeat the same observations. Let us consider a walk p = 01 - p1 -
02+ p2-...0p - py such that p; is a shortest walk from ¢(0;) to s(0i+1)
for all ¢ < [, and so of weight D(¢(0;), s(0i4+1)), and p; is a shortest
walk from ¢(o;) to v.

Note that due to line 4, D(s(0;),v) = w(0;) + D(t(0;), v)) forall
7 holds. Also, D(S(Oi), U) = w(oi) —|—’D(t(0¢), 5(0i+1)) +w(oi+1) +

D(t(0i+1),v) have to hold for all i < [, because of how G was
defined.

We now have w(p) = X°'_, (w(or) + w(pr)) = X2 (w(or) +
w(pe) + wlor1) + Do 1),5(01)) + wlon) + Dit(or).v) =
2= (w(o:) +w(ps)) +D(s(o1-1),v) = 3275 (w(os) +w(pi)) +
w(01-2) + D(t(01-2),s(01-1)) + w(oi-1) + D(t(01-1),v) =

S 3 (wlos) + w(pi)) + D(s(o1-2),v) = ... = D(s(o1,v). This
shows that p is a shortest walk that ends at v and is consistent with O,
because all observations occur in p at least once.

We know there exists 01 such that D(u,v) = D(u,s(o1)) +
D(s(01),v). Let p’ be the shortest walk from u to s(o1) and con-
sider p’ - p. We can see it is the shortest because of the just mentioned
equality, and so (u,v) € H(O).

(<=) Suppose (u,v) € H(O), which means that there exists a
shortest walk, p, that starts at « and terminates at v and is consistent
with the set of observations O. Thanks to Theorem 3 when applied
to each single observation in p, we know that the conditions in line 4
hold. Note that the condition for an edge in GS to exist is the same
as in Theorem 3 when applied to a sequence of two observations.
We claim that GO has a walk that visits all nodes at least once. This
is because p visits all observations and we can simply follow the
sequence of observations as they occur in p and just argued an edge
has to exist between them as the condition holds.

Let 01 be the first observation visited in p. We clearly have to
have D(u,v) = D(u, s(o1)) + D(s(o01),v), because p is a shortest
walk between u and v and any point along such a walk has to be a
concatenation of two shortest walks. Also, o1 has to belong to the
SCC of GY that is first in topological order, because otherwise we
would not be able to visit some observations in earlier SCCs.

All of this shows that Algorithm 5 will return (u, v) as a source-
target pair as it should. O

6.1 Computational Complexity

We can no longer use Dijkstra algorithm for calculating D(u, -), be-
cause it requires all edge weights to be non-negative. Instead we
make use of Bellman-Ford algorithm for which the complexity of a
single call is O(nm) time. To calculate all-pairs shortest distances,
it is best to use Johnson’s algorithm instead whose running time is
O(nm + nmlogn) = O(nmlogn).

In the case of POSSIBLE-TARGET-PROBLEM and POSSIBLE-
SOURCE-PROBLEM, we just need to calculate D(u,-) for all u
that are either a start or end of an observation. That gives O(nm
min(k, logn)) complexity when we use Bellman-Ford for k£ < logn
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Table 1: Average size of the set of sources and targets for different graphs and observations set sizes

Average size of sources set vs #observations

Average size of targets set vs #observations

Graph |N| |E| 4 8 16 32 4 8 16 32

# Minnesota 2642 6606 179.32 93.76 42.96 30.00 187.44 128.80  105.72 78.24
# Europe 1174 2834 79.48 25.96 8.00 2.56 52.16 12.28 3.56 1.88
#Luxembourg 114,599 239,332 7742.96  3928.60  981.56 232.64 33,631.08 15,351.40  7304.84  1283.28
# US roads 129,164 330,870  46,881.24 38,077.00 23,520.68 17,775.20 1260.00 682.88  342.36 65.68
#Pennsylvania 1,087,562 3,083,028  24,993.56 794.24  342.88 196.76 42,036.40  8333.28  6653.00 615.76
# Belgium 1,441,205 3,099,040  92,740.72  49,993.20  1602.04 966.76 67,817.32  46,420.00  3295.84 272.32
# Italy 6,686,493 14,027,956 8332.24  6451.40 3365.88  2015.60 2,181,188.88 516,536.32 70,806.88 30,569.40
#Great britain 7,733,822 16,313,034  142,739.12  39,085.08 34,745.28  5285.60  139,910.20 59,266.68 43,329.44 19,857.60

and use Johnson’s algorithm otherwise. For sparse graphs that be-
comes O(n? - min(k,logn)). In case of DAGs we can compute
these in O(km) time. In case of sparse DAGs that becomes O(kn).
For SOURCE-TARGET-PROBLEM using Johnson’s algorithm gives
O(nmlogn), which is O(n?logn) for sparse graphs. In case of
DAGs we can compute these in O(nm) time, and for sparse DAGs
we get O(n?).

As for the other computation steps, we build O(n) graphs GS
that each takes O(k?) time. Also, we call O(n) times ONE-WALK-
COVER that each takes O(m). We decompose O(n) graphs GS, each
of which takes O(k?). Finally, we check at most O(n*k) times the
equality in line 17. Overall, that gives O (nk? +nm +nk* +n’k) =
O(nk?+nm+n’k). For sparse graphs that becomes O (nk(n+k)).

The overall running time is just the sum of these two parts.

7 Experiments

In this section we evaluate the effectiveness of the proposed meth-
ods across real-world road networks of varying scales from 1K to
7.7 millions nodes. Datasets details can be found in the Appendix.
Experiments were conducted on eight datasets from the Network
Data Repository [23]. All datasets originate from the DIMACS10
challenge and were initially unweighted undirected road networks.
The smallest instance, denoted as #Europe, comprises 1,174 nodes,
while the largest network #Great Britain contains over 7 million nodes
and 14 million edges. We first transformed the graphs into equivalent
directed ones, by replacing each undirected edge with bidirectional
edges between the same two nodes. Next, we assigned every edge with
a weight uniformly at random between 1 and 1000. All algorithms
were executed multiple times to estimate overall running time per-
formance with standard deviation measurements. The Python-based
implementation ran on an Intel Core i7-14650HX CPU (2.20 GHz,
32GB RAM) using a single core. We first identified random shortest
walks containing more than 64 edges. For the inference tasks, we ran-
domly sampled 4, 8, 16, or 32 observations from these walks to serve
as input for each execution of the algorithm. In the end, the average
running time and average size of sources and targets are evaluated.
We did not compare against, e.g. a simple enumeration of all short-
est paths approach, as our graphs are too large for that to be feasible.

7.1 Results

Figure 2 compares algorithm running times across datasets grouped
into 4 levels by their size: Level 1 (Europe, Minnesota): thousands
of nodes, Level 2 (Luxembourg, US road): about 10K nodes, Level 3
(Pennsylvania, Belgium): around 1M nodes and Level 4 (Italy, Great
Britain): over 7M nodes. The first row in Figure 2 shows Sources
search time, and the second row shows Targets search time. At Level

1, both methods perform similarly. As graphs grow larger, both show
nearly identical growth rates. However, Sources search requires graph
reversal, making it slightly slower. All the plots demonstrate near-
linear dependence on the number of observations, aligning with theo-
retical expectations.

Table 1 illustrates the average size of possible sources set S(O)
and targets set T'(O) for a given observation set sizes 4, 8,16 and 32.
Note that, as one would expect, the average size of S(O) and T'(O)
decrease as the number of observations increase, because that reduces
ambiguity. Sometimes the drop in these sizes can be very sharp for
the larger graphs. Interestingly, there is notable asymmetry between
source and target set sizes for some of these graphs, suggesting dif-
ferences in structural directionality (recall that each undirected edge
was replaced by two directed edges but possibly with a very different
weight). Moreover, graph size alone does not determine inference
difficulty: small graphs sometimes yield similar set sizes as larger
ones, indicating that topology plays a critical role.

8 Conclusions

In this paper we addressed the source and target prediction problems
in a weighted graph under the shortest walk assumption. We showed
that these problems can be solved in polynomial time. Furthermore,
we performed a detailed computational complexity analysis and con-
sidered various classes of graphs, such as positive weighted graphs,
directed acyclic graphs (DAGs), sparse graphs, and sparse DAGs.
Experiments on real-world road networks with millions of nodes
demonstrate the scalability and practicality of our approach.

As mentioned earlier, our problems can be defined in many different
ways. One can consider the set of observations to consists of nodes
rather than edges. It could also be a mixture of the two. Also, the order
of observations can be known or partially known. Straightforward
adaptations of our algorithms can handle all such different cases.

Our work makes the first step in the algorithmic approach to tra-
jectory prediction-type problems and their computational complexity,
laying a foundation for further research into this direction. Future
work could extend this framework to incorporate additional real-world
constraints, such as dynamic edge weights that reflect changing condi-
tions (e.g., traffic or delays) or probabilistic modeling of uncertainties
in the observation set. Another promising direction is to explore in-
corporating efficient methods for shortest-path computation at scale.
In large networks, such as those used in real-time navigation systems,
techniques such as Contraction Hierarchies [9], Hub Labeling [1], or
Customizable Route Planning [5] enable near-instantaneous shortest-
path queries despite theoretical complexity limits. Integrating such
techniques into our inference framework could potentially signifi-
cantly improve its performance and make it applicable to real-time,
large-scale trajectory analysis scenarios.
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